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In this paper we show that the skeleton diagrams in the m-Loop nPl effective action correspond 
to an infinite resummation of perturbative diagrams which is void of double counting at the m-Loop 
level. We also show that the variational equations of motion produced by the n-Loop nPI effective 
theory are equivalent to the Schwinger-Dyson equations, up to the order at which they are consistent 
with the underlying symmetries of the original theory. We use a diagrammatic technique to obtain 
the 5-Loop 5PI effective action for a scalar theory with cubic and quartic interactions, and verify 
< ^* ) that the result satisfies these two statements. 
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I. INTRODUCTION 



The n-particle irreducible (nPI) effective action is the set of skeleton diagrams produced by the nth 
Legendre transform. It is a functional of the n-point functions of the theory, which are treated as 
variational parameters. The variational equations of motion (eom's) are determined by functionally 
differentiating the action with respect to its arguments (and setting all sources to zero). In this paper 
we show that: (1) the skeleton diagrams in the m-Loop nPI effective action correspond to an infinite 
resummation of perturbative diagrams which is void of double counting at the m-Loop level; and 
(2) the eom's produced by the n-Loop nPI effective theory are equivalent to the Schwinger-Dyson 
(sd) equations, up to the order at which they are consistent with the underlying symmetries of the 
00 ; original theory. 

We comment that although both the nPI eom's and the sd equations are sets of coupled nonlinear 
. integral equations that contain nonperturbative physics, there are significant differences between 
them. For an nPI effective theory, the effective action is truncated, and the resulting eom's form a 
closed set. In contrast, the sd equations form an infinite hierarchy of coupled equations which must 
be truncated in order to do calculations. In addition, there are fundamental differences in the basic 
structure of the two sets of equations. In the sd equation, all graphs contain one bare vertex and 
are not symmetric with respect to permutations of external legs. The nPI eom's are symmetric and 
(for n > 2) some graphs contain no bare vertices. In light of these remarks, the statement (2) above 
seems unlikely to be true. In fact, as we will show in a fairly simple way, statement (2) is a direct 
consequence of statement (1). 

The derivation of the sd equations is tedious but straightforward. In Refs. [H, 0], an analytic 
method is used to produce the sd equations up to the level of the 4-point function. In Ref. [3|, an 
algorithm is implemented in a downloadable mathematica package which produces the sd equations 
to arbitrary order. In Figs. [201 and ED we give the results for the sd equations that we will use. 

In principle, the calculation of a set of Legendre transforms is also a well defined problem, but 
the computation becomes extremely complicated beyond the lowest levels. The 4PI effective action 
was introduced in Refs. 0, It was first discussed in the context of relativistic field theories in 
Ref. |6|. The 3-Loop 4PI effective action was calculated in Refs. B S, 0, 3, and the 4-Loop 4PI 
effective action was calculated in The effective action has not previously been calculated beyond 
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the level of the fourth Legendre transform. In this paper we use a diagrammatic technique to obtain 
the 5-Loop 5PI effective action for the theory defined in Eq. (12. ip . We verify that the result satisfies 
both statements (1) and (2) from the first paragraph of this introduction. We also find that the 5PI 
effective action is not 5-particle irreducible: it contains diagrams that can be divided into two pieces, 
each of which contains at least one loop, by cutting five or fewer lines. The result suggests that the 
rz-Loop nPl effective action is n-particle irreducible for n < 4 only. Throughout this paper we will 
use "nPl effective action" to mean the effective action produced by taking n Legendre transforms. 
We stress that the important point is that Legendre transforms produce an effective action that does 
not double count at the level of the truncation. 

In this paper, consider a scalar theory that has both cubic and quartic couplings. We study 
this theory because both the sd equations and the nPl eom's have the same structure as the 
corresponding equations for QCD. All of the results in this paper can be generalized to other theories 
in a straightforward way. 

This paper is organized as follows: In Sec. [Ill we define our notation and review some results for 
the 4-Loop 4PI effective action. In Sec. 1111} we present our calculation of the 5-Loop 5PI effective 
action. In Sec. IIVI we show that the nPl effective action is void of double counting, and that the 
eom's are equivalent to the sd equations, at the truncation order. In Sec. |V]we verify that the eom's 
for the 2- and 3-point vertex functions satisfy the statements made in Sec. IIVI up to the level of 
the 5-Loop 5PI effective action. In Sec. |VT]we present our conclusions. Some details are left to the 
appendixes. 

II. PRELIMINARIES 

A. Notation 

Throughout this paper we use L to indicate the loop order in the skeleton expansion. We also use 
"n-Loop" to mean terms in the skeleton expansion with L < n loops, and "n-loop" to mean terms 
in the skeleton expansion with L = n loops. 

We denote connected and proper vertices by V c and V, respectively. In addition, for the correlation 
functions with up to 5 external legs we use 

1 — point function=: 

2 — point function {connected/self — energ y /bare/effective bare} =: {D, II, D°°, D } 

3 — point function {connected/proper/bare/effective bare} =: {U c , U, U°°, U } 

4 — point function {connected/proper /bare} =: {V c , V, V } 

5 — point function {connected/proper} =: {W c , W} 

For example, V3 = U, Vf = W°, etc. 

In coordinate space, each function has arguments that correspond to the space-time coordinates 
of its legs. We use a compactified notation in which the space-time coordinates for a given 
leg are represented by a single numerical subscript. For example, the field expectation value is 
written <pi := 4>(xi), the propagator is written := D(xi,Xj), the bare 4-point vertex is written 
Vijki := V°( x ii x j-. x ki etc. We also use an Einstein convention in which a repeated index implies 
an integration over space-time variables. 

We define all propagators and vertices with factors of i so that figures look as simple as possible: 
lines, and intersections of lines, correspond directly to propagators and vertices, with no additional 
factors of plus or minus i. 



Using this notation we write the classical action 

I % % 

The nPI effective action is obtained by taking the nth Legendre transform of the generating 
functional which is constructed by coupling the field to n source terms: 

Z[J, R, i? (3) , i? (4) , R {5) ...} = J dip Exp[? X] , (2.2) 
X = S d [(p] + Jtfi + -RijtfiiPj + yR^itpiifijtpk + —R^ltfiPjPkipi + ^R^l^ipiipjipktpiipn + ■■■ , 
W[J, R, R {3 \ R {4 \ R {5) ...] = -i LnZ[J, R, R?\rW, R {5) . . .] , 
m D,U,V,W . . .] = W — Ji-^-r — R^ - R f k 4Zr - ™ - 



We define connected green functions 



5 k W 



which allows us to write 
5W 



5W 



(<Pi) = <l>i, (2-4) 



3! — 7^y= {ftfjfkj = U- jk + D jk <pi + Dik^j + Dijtfrk + <f>i<j)j<f>k , 
5R ijk 

4! 7^T = (PMiWi) = V ijki + (Uijkfa + 3 perms) + {D i5 D kl + 2 perms) 
dR ijki 



+ (Dij 4>k4>i + 5 perms) + 



H<Pj<Pk<Pl 



where the notation "perms" indicates terms obtained by permuting the indices of the previous term, 
without regard for order. For example, (Z7?- fc 0/ + 3 perms) = Uf jk <fii + Uf^ (frk + Uf kl (f)j + Uj kl fa. 
We define the effective bare propagator and 3-point verteXi] 



{D '' i4,)yl = -'l^M = {D '' rl ~ U ^ k ~ 2^"*** ' (2 - 5) 
d(pkO(pjO(pi d(pk 

The nPI effective action depends on only through the effective bare propagator and effective bare 
3- vertex. We will suppress the argument and write as and U^ k (4>) as U^ k . 



There is no vertex V°° in Eq. 12.11 since the effective bare 4-point vertex is identical to the bare 4-point vertex. We use U° for the 
effective bare vertex since this vertex appears most often in equations. 
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We define proper vertices as derivatives of the 1PI effective action: 

T[<f>]=W[J\- Jifc, (2.6) 

5 k rm 



y _ j 

1,2,- k _ _ _ ^0 t3 (50 t2 (50 ti ' 

The 3- and 4-point connected and proper vertices satisfy 

Ui jk = D itl D jt2 D kt3 U tlt2t3 , (2.7) 
Vijki = D itl D ^DktsDiuVt^tzu + Dit 1 Dj t2 D kt3 Di u D t5t6 U tl t 6 t 3 U t2 t 5 u 

+Di tl Dj t2 D kt3 Di u D t( . t5 U tl t 2 t 6 Ut 3 t 5 t i + Di^Dj^D^Di^Dt^Ut^tJJt^h ■ 

It is straightforward to obtain equations analogous to Eqs. f)2.4p and ( 12. 7p at arbitrarily higher 
orders, but the resulting expressions are tedious to write. To present these equations in a more 
compact form, we introduce a simplified notation in which we suppress space-time indices: we write 
V£ t2 ... t . as Vf and V^^—ti as Vj. We give an example of this notation in Eq. (12. 8p : 

(3) D 5 U 2 := D ltl D j t 2 D kt:i Di u D t5t( .Ut 1 t 6 t 3 Ut 2 t b u 
+ Di^Dj^Dk^D^D^tsUt^teUtgtsU + D itl Djt 2 D k t z Dit^Dt (i t T Ut^tJJt ( . t2t , A . (2.8) 

Note that when space-time indices are included, the three terms that correspond to the three different 
2 -H- 2 channels are all written separately, but when we suppress indices, the distinction between 
these three channels is lost. We indicate that all three channels are included in one term by writing 
the factor (3) in front of the term on the left-hand side (lhs) of Eq. (12. 8p . 

Many of the equations we will write in this paper are easier to understand as diagrams. In some 
cases, we will give only the diagrammatic form of an equation. As an illustration, in Fig. [I] we show 
the diagram^! that corresponds to Eq. (12. 8p . 



% 3 



(3) 



% 3 i 
• 



+ 



+ 




k I k I k I 

FIG. 1. Diagrammatic representation of Eq. (f2J 



Using the notation that suppresses space-time indices, Eq. ( 12. 4p can be rewritten in a compact 
way. Including the result for the derivative with respect to Ry> we have 

3\-^L= U c + (3)D(j) + <f , 



4! 
5! 



5R® 



V c + (4)[/ c + (3)D 2 + (6)D0 2 + 4 , 

W c + (5)V c (j) + (10)U c (j) 2 + (W)U C D + (10)D(j) 3 + (15)£> 2 + 



2 Figures in this paper are drawn using Jaxodraw [ldl . 
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Similarly, we can rewrite Eq. (12. TJ) . Including the result for the connected 5-point vertex we have 

U C = D 3 U, (2.10) 
V c = D 4 V + (3) D 5 U 2 , 
W c = D 5 W + (10) D S UV + (15) D 7 U 3 . 

In Eqs. (12. 8p . (12. 9p . ( I2.10p and Fig. [TJ the bracketed numerical coefficients indicate the number of 
permutations of the external legs which have been combined by the notation that suppresses space- 
time indices. We will use this notation throughout this paper. These numerical coefficients are easy 
to understand when they are written as products of combinatoric factors. We give two examples 
below. We use := m\ / (n\(m — n)\) . The terms D 7 U 3 and D 6 UV are shown in Fig. |2j For D 7 U 3 
there are 15 different permutations of the external legs. The factor 15 is determined as follows. We 
need to assign 5 indices to the 5 external legs. First, we assign one index to the external leg in the 
middle, which gives C\ different choices; then we assign 2 of the remaining 4 indices to the 2 external 
legs on the left side, which gives C\ different choices; finally, we assign the remaining 2 indices to 
the 2 legs on the right side, which gives C\ different choices. Note that since the 2 pairs of external 
legs on the left and right sides are symmetric, we need to introduce a factor of 1/2 to account for 
this symmetry. Combining we obtain a factor C\C\C\j2 = 15 for this diagram. Using the same 
method, the factor for the term D 6 UV is CfCf = 10 (note that CfCf = CfCf , which means that 
one can work from either side of the diagram and obtain the same result). 

>H X 

D 7 U S D 6 U V 



FIG. 2. Two terms from the third line in Eq. (l2~l"0l) . 



B. 



^PI Effective Action 



The nPI effective action is obtained from the last line of Eq. (12. 2p . The result can be written: 



),D,U,V,W . . .] 



+ -TrLnZT 1 



*Tr 
2 



(2.H) 

(D ) 1 d] - D, U, V] - i$ int [D, U,V,W...\ + const . 



The terms D, U, V] and ¥ nt [D, U, V, W . . .} contain all contribut ions to the effective action 

which have two or more loops. For n > 4 the $° piece includes all terms that contain bare vertices, 



int 



and therefore $ is ^-independent. We also define $ = $ + $" 

In general, we use n to indicate the order of the Legendre transform, or equivalently, the highest 
variational correlation function in the effective action, and m to denote the order of the skeleton 
loop expansion. The nPl effective action at m-Loop order is writteri d m) [Vi] , i G {1, 2, . . . n). In 
Ref. Q it is argued that at ra-Loop order the nP\ effective action provides a complete self- consistent 



description. In Appendix B we verify that this result holds at the 4-Loop level. The conclusion is 
that we only need to consider m > n. When m = n we drop the superscript on the effective action 



3 Note that from Eq. lTX6t we have V 2 = -D" 1 and thus rl™ [Vi],i G {1,2, ...n} really means F„ [<f>, D~ x , U,V, . . .] and not 
r£ m ' [<j>,D, U,V, . . .}. We ignore this point to avoid introducing unnecessary notation. 
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that indicates the Loop order. In some cases, we write the functional arguments explicitly, and drop 
the redundant subscript. For example, the m-Loop 3PI effective action is written r^ m ^[0, D, U), and 
the 5-Loop 5PI effective action is written T[(f), D, U, V, W]. 

The eom's are obtained by functionally differentiating the effective action with respect to the 
arguments (and setting all sources to zero). For the nPI effective action there are n eom's given by: 



<sii m) [v, 

5V< 







e {l,...,n}. 



(2.12) 



4PI Effective Action 



We give some results for the 4-Loop 4PI effective theory [9]. We introduce the diagrammatic notation 
shown in Fig. [3] for bare, effective bare, and proper vertices [see Eqs. (12. ip . (j2.6jl and (12. 5p ]. 



X 



X 



TT° 



I/O 



TJ 



V 



FIG. 3. Diagrammatic notation for some vertices. 



In Figs. S] and [5] we show the results for $° and $ m * respectively. Each contribution is given a 
name so that we can refer to the diagrams individually. The result for $° is complete for n > 4. 



,D,U,V] = I 




IGQ 



BBALLn 



EIHHT 



FIG. 4. $° for n > 4. 



¥ nt [D,U,V] = 




EGG BBALL MERCEDES LOOPY TARGET EYEBALL TWISTED 



FIG. 5. $ int for 4-Loop 4PI. 



The equations of motion are obtained from Eqs. (12. lip and ( 12 . 12j) . and Figs. H] and |5j The 
equations corresponding to 6T[<f>, D, U, V\/8D = 0, 5T[<j>, D, U, V]/5U = and 5T[<f>, D, U, V}/5V = 
are shown respectively in Figs. El and [HI In each of these figures, the labels indicate the diagram 
in the effective action that produced each graph. In cases where one diagram in the effective action 
produces two distinct topologies in an equation of motion, we use subscripts 1,2 ... to distinguish 
them. For example, the HAIR graph in the effective action produces the two graphs labeled [I1hair]i 
and [IIhair]2 in Fig. U 
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FIG. 6. Integral equation for the 2-point vertex from the 4-Loop 4PI effective action. 




C^EGG t^EGGo tAlAIR ^MERCEDES ^EYEBALL ^TARGET ^TWISTED 



FIG. 7. Integral equation for the 3-point vertex from the 4-Loop 4PI effective action. 

X = X +(3) ^ = ( +(6, K +(3)l X :: ^ 

Vrratt ^BBALL,, Vta bott Vfvfhatt Vr.nnpv 

FIG. 8. Integral equation for the 4-point vertex from the 4-Loop 4PI effective action. 

III. THE 5-LOOP 5PI EFFECTIVE ACTION 

In this section, we derive the 5-Loop 5PI effective action. We use the method of successive Legendre 
transformations 0, 0, @|. In order to use this method at the 5-Loop 5PI level, we introduce a bare 
5-point vertex (W°), for organizational purposes only. This point will be explained in the first 
subsection below. We use a diagrammatic technique that allows us to identify the classes of graphs 
that cancel to remove reducible diagrams from the final result. 

A. Tilded Effective Action 

We start by doing only the first two Legendre transforms, and absorbing the last three terms in the 
second line of Eq. ( 12. 2 p into a modified interaction by defining the vertices 

it) ■= iU°° - R {3) , iV := iV° - R {4) , iW := iW° - R {5) . (3.1) 

We will refer to these vertices as "tilde vertices" and we write them collectively using the notation 
Vi G {U, V, W}. The diagrammatic notation we will use for the tilde vertices [and for the effective 
tilde vertices which will be defined in Eq. (13.171) ] is shown in Fig. [9j 



X 



X 



TP 



v 



TJ 



V 



FIG. 9. Diagrammatic notation for the tilde vertices and effective tilde vertices defined in Eqs. (|3.ip and (|3.I7[) . respectively. 



The 5PI effective action is defined in the last line of Eq. (12. 2p . We rewrite this expression using 
tilde vertices as 



r[0, d, u, v, w}= w — j 



8W 
8J 



8R 



5RM 
5RW 



R^ 
R^ 



SW 

5RW ' 



R^ 



8W 



(3.2) 



where we define: 



8W 8W 

d] = w - -Zj - 4^r. 



8J 



6R 



(3.3) 



In order to construct f [cp, D], we start with the set of 5-Loop 2PI diagrams^ that correspond to a 
theory with a bare 3-point, 4-point and 5-point interaction, and then we replace the bare vertices 
by the tilde vertices. We will refer to T[<p, D] as the tilded 2PI effective action. In the rest of this 
section, a tilde over a functional always indicates that all bare vertices are replaced by tilde vertices^]. 



We can rewrite the dormant Legendre transforms in Eq. ( 13. 2h as functional derivatives of the 
tilded 2PI effective action using the relations 



8T 



8W 



8T 



8W 



8T 



8W 



6RW 6RW ' 5R& 6R& 
Using Eqs. flU]) and (jH4) . Eq. (E2D becomes 
r[<f>,D,U,V,W] 



8Rf® 8R® 



(3.4) 
(3.5) 



T[<f>,D] - - ' (U - U°°) - " ^1 ' (V - V°) - - Lr J ' W + const. 
8U 8V 8W 



The next step is to rewrite T[(f>, D\. From Eq. (12. lip the (untilded) 2PI effective action is 

T[<f),D} =r 1 [<j>,D] -i$[<f),D} + const, 
where we have combined the tree and 1-loop terms by introducing the notation 

T^D] := S cl [<j>] + '-TrlnD- 1 + '-Tr 



Using Eq. (13. 6p we rewrite the tilded 2PI effective action as 

F[<j>, D]= Fi[<f>, D] - i$[<f>, D] + const, 

= Vi[<f>,D] + AT ![<!>, D] -i$[<f),D} + const 



(3.6) 
(3.7) 
(3.8) 



4 We include some L > 6 loop tadpole diagrams that do not change the result of the calculation. They are included for organisational 
purposes only. This point is explained in more detail in the discussion under Eq. I|3.17fl . 

5 Note that the bare 5-point vertex W° has disappeared at this point in the calculation. It's only role is to produce diagrams in T[4>, D] 
that contain the 5-point tilde vertex W. 



where we have defined 

AT^D] :=Y l [<P 1 D]-Y l [<i )) D}. 
From Eqs. (12. ip . (13. ip and ( 13. 7p we obtain an explicit expression for ATi[(j),D]: 

AT^D] = - l -<f{U°° -U)- ^(V° -V) + 



-Tr 



2 o 



D 



(3.9) 



(3.10) 



In order to represent this equation diagrammatically, we draw the fields as arrows. This notation 
is illustrated with two examples in Fig. [TUJ Equation (I3.10p is shown in Fig. [TTJ 



D 



IJYJ 



FIG. 10. Notation used to draw d> fields. 




1 
2 



1 

24 




1 

24 





1 

120 




12 




FIG. 11. Diagrammatic representation of Eq. (|3.10ll . 



Now we calculate the last three terms in Eq. ( 13. 5p . We define 

A .. = gm<P-m, B:=i S im ( V-V°), C:=i S imW. (3.11; 
5U 5V 5W 

We can write the derivatives that appear in these terms using Eqs. (12. 9p . (I2.10p . (13. ip and ( 13. 4p : 

8?[<j>,D} 



6U 6 
ST[<f>,D] __ % 

5V ~~24 
6r[(f>,D} 



5W 



(D 3 U + (3)D<f) + 3 ) , 

(D A V + (3)D 5 U 2 + (A)D 3 U(j) + (3)D 2 + (6)L>0 2 + 4 ) , 
' (f 5 ^ + (10)D 6 VU + (15)D 7 U 3 + (5)D*V(f) + (15)D 5 U 2 ^ 



(3.12) 



120 



+ (lQ)D 3 U<p 2 + (10)D 4 U + (10)D<P 3 + (15)D 2 <P + 5 ) 
Substituting (13.121) into Eqs. (I3.1ip we obtain the result shown in Fig. 
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5 




c = 



120 




12 



12 






12 




12 



24 






]+b[ 



B[00-OOi + i[>0->©] + i[ 







1 

120 



FIG. 12. Diagrammatic representation of Eqs. (|3.11|) and (|3.12[) . 



Using Eqs. (13. 8p and ( 13.1 ip to rewrite Eq. (13. 5p we obtain 

r[0, D, U, V, W] = Ti[(f), D] + ATi[<j), D] —i<®[<f), D] + i(A + B + C) + const. (3.13) 

Fig.HU 



Fig. 



The diagrams in Fig. [TT] exactly cancel with the tree and 1-loop diagrams in Fig. [12] [this is 
the reason that we chose to write the tilded 1-Loop effective action immediately in terms of the 
variational vertices in Eq. (13.81) ]. We obtain 



r[0, D, U, V, W] = Ti[0, D] — i$[<j), D]+i (A' + B' + C) + const 



(3.14) 



Fig. L>2 



where the primes indicate that the 1-Loop terms have been removed. 

We compare Eq. (I3.14p with the expression for the 5PI effective action obtained from Eqs. (12. lip 
and (13T7D: 



T[(j),D,U,V,W] = T 1 ((f>,D) -i$°{<f),D,U,V]-i& nt lD,U,V,W] + const. (3.15) 
Equating the right sides of Eqs. (I3.14p and (13.15)) we obtain 

D, U, V] + $ int [D, U, V, W] = $[0, D] - {A' + B' + C) . (3.16) 



Fig. [12] L>2 



Note that Eq. (I3.16P gives a formal result for D, U, V] and $ int [D, U, V, W] as a functional of 

the tilde vertices. In the next section, we show how to convert this expression to a functional of 
variational proper vertices. 

We can write the diagrams contained in the right-hand side (rhs) of Eq. ( I3.16P in a compact way 
by introducing "effective tilde" vertices. The definitions we will use are 



U' := U + (j)V + -((f) 2 W + DW) , V' := V + <f)W , W' := W 



(3.17) 
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We write these vertices collectively using the notation V[ € {U', V, W'}. The diagrammatic notation 
we will use is shown in Fig. |9j 

We make some comments about the structure of the definitions of the effective tilde vertices. Recall 
that the effective bare propagator and effective bare vertex [see Eq. ( 12. 5ft ] are constructed so that 
the explicit ^-dependence in the (untilded) $ is absorbed into these definitions. Similarly, for the 
tilded functional D], we could remove all the explicit 0- dependence with the definitions in Eq. 
( I3.17p . if we did not include the last term in the definition of U', which produces the tadpole-type 
diagram in Fig. [13] (the last graph on the rhs). 



+ 



+i 




FIG. 13. The vertex U' defined in Eq. (pTf)) . 

This tadpole-type term is included because it absorbs all of the tadpole graphs in the 5-Loop T[<p, D]. 
An example of this is shown in part (a) of Fig. [HJ In order to understand why all tadpole graphs 
are absorbed by this definition, we note that, in the absence of the 5-point interaction, there are no 
tadpole graphs in the 2PI effective action, at any loop order [because they are 2-particle reducible 
(2PR)], and therefore all possible tadpole graphs have the form of bubbles attached to 5-point 
vertices, as in the last graph in Fig. Q2J We include some L > 6 loop tadpoles in T[4>, D] so that the 
tadpole term in the definition of If absorbs all tadpole graphs (see footnote 4). An example is shown 
in part (b) of Fig. [HJ These higher loop tadpoles are included for organizational purposes only, and 
allow us to present the calculation in a more compact way. We have checked that we get the same 
result for the 5PI effective action if we drop the tadpole term in the definition of the effective tilde 
U -vertex, and include only 5-Loop 2PI tadpole graphs in $ [(f), D] (which are then not absorbed into 
the effective vertices). 




FIG. 14. Examples of tadpole graphs that are included using the definition of U' in Eq. (|3.17() . 

We can use the vertices defined in Eq. (13.171) to rewrite the two terms on the rhs of Eq. (13 . 1 6[) in 
a compact way: 

In the first term, all of the ^-dependence is absorbed into the effective tilde vertices and we write: 
$[</>, D] := $'[£)]. The quantity $'[£)] contains only effective tilde vertices (V^) and no explicit 
^-dependence. There are 71 diagrams in the 5-Loop result for $'[/}]: 

• There are 9 diagrams with L < 4 loops which are 4PI. We get these diagrams from Figs. H] 
and [5] by replacing all vertices with tilde effective vertices V' [note that the two figures contain 
11 diagrams, but the (EGG, EGGo) and (BBALL, BBALLo) diagrams combine, which leaves 
9 diagrams]. 
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• There are 4 additional 4-lqop diagrams that are 2PI and 4PR, and depend on U' and V but 
not the effective 5-vertex W. These diagrams are shown in Fig. [T5j 

• There are 35 5-loop 2PI diagrams that do not contain the effective 5-vertex. These diagrams 
are given in Ref. [2], in Eq. (59). 

• There are 23 4- and 5-loop diagrams that contain the vertex W' which are given in Fig. (THl 




FIG. 15. 4- loop diagrams in that are 2PI and 4PR. 




FIG. 16. 4- and 5-loop diagrams in $'[Z)] that contain the vertex W' . 



The second term on the rhs of Eq. ( 13.1 6ft is shown in Fig. Q2J It is straightforward to rewrite 
these diagrams in terms of effective tilde vertices using Eq. (I3.17p . As an example, we consider the 
six diagrams with the EGG topologjo The 2nd diagram in A and the 6th diagram in B combine to 
give: — \U D 2, U°. Including the minus sign in Eq. (I3.16p . this is the EGGo graph in D, U, V] 

(see Fig. HJ). The 1st diagram in A, the 5th diagram in B, and the 6th and 7th diagrams in C give: 
W D 3 U'. Including the minus sign in Eq. (13.161) . this is the 2nd graph in Fig. [T7| Combining all 
terms, we find that the L > 2 loop terms in Fig. [121 produce D, U, V] and seven additional 

diagrams. 

Substituting these results into Eq. (I3.16p . D, U, V] cancels and we obtain the result shown 

in Fig. [T71 The EIGHT diagram in Fig. [17] cancels identically with the EIGHT diagram in $'[£)]. 
The remaining six diagrams in Fig. [TTJhave partners in <&'[D] which have the same topology, but all 
vertices are effective tilde vertices^ We extract these diagrams and group the remaining terms into 
a set of functionals which we call Nt^-D], where the subscript indicates loop order. These functionals 
include all of the diagrams in the list under Fig. [TH except the EIGHT, EGG, EGGo, BBALL, 
BBALLq, and HAIR graphs, and the three 4-loop graphs at the beginning of the first line of Fig. 
ITBl This rearranged version of Eq. (IT?]) is shown in Fig. [TS1 



The six different graphs with the EGG topology differ from each other by having different vertices and sometimes different numerical 
coefficients. Throughout this section, all graphs with the EGG topology will be referred to generically as EGG diagrams, and similarly 
for all other topologies. The vertices for a specific diagram are shown in the corresponding figure. 
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FIG. 17. Diagrammatic representation of $ mt [D, U, V, W]. 
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FIG. 18. Rearranged version of Fig. 1171 
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B. Vertex Inversion 



In this subsection, the goal is to obtain expressions that will allow us to write the rhs of the equation 
represented in Fig. [18] in terms of proper vertices. The end result in this subsection is a set of 
expressions of the form 



ii' 

V' 



u+A l) [v i }+fy[Vi}+fnvi} + 



(2)r 



c(3)r 



(3.18) 



(2)r 



c(3)r 



W' = W + /« [V,] + [V,] + f%> [V,] + ■ 



(2)r 



e(3)r 



where fu, fy, and fy/ are functionals of proper variational vertices, and the superscripts indicate 
their loop orders. These expressions will be substituted into Fig. [18] to produce the final result for 
the 5-Loop 5PI effective action, as a functional of proper variational vertices. 

The lowest order diagrams in Fig. [18] that contain the 3- vertex U' are the EGG-type diagrams 
in the first set of square brackets. Since these diagrams are themselves 2-loop, it appears that, in 
order to obtain the effective action to 5-Loop order, we need to keep the 3-loop term (of the form 

fuWi]) in Eq. ([318]) . The lowest order dia grams that contain the 4-vertex V are the BBALL-type 
diagrams in the second set of square brackets, which are 3-loop, indicating that we need to keep the 

(9) ~ 

2-loop term (of the form f v [Vj]) in the expansion of the 4-vertex V. The lowest order diagrams that 
contain the 5-vertex W are the 4-loop graphs in the fourth set of square brackets, which indicates 
that we need to keep the 1-loop term (of the form [Vf]) in the expansion of the 5-vertex W' . 

From the argument above, we would conclude that in order to obtain the 5-Loop 5PI effective 
action, we need to keep terms 0{f^[Vi], fy^Vi], f$[Vi]} in Eq. (ETISjl . However, it is easy to show 
that these highest order terms do not contribute. Consider the first set of square brackets in Fig. 
[H] which contains the EGG-type diagrams. Substituting the expansions in Eq. (13. 18ft and keeping 

(3) 

only the 5-loop contributions that contain fjj we obtain 

1 



-(fPD'U + UD'fW-UD'ft 



0. 



(3.19) 
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It is easy to see that the 5-loop contributions which contain fy and f$ from the second and fourth 
terms in square brackets also cancel. The result is that the highest terms that we need to keep have 
the form [Vj], f v • [Vj], [Vj] = W}, which means that we can use Eq. (13 . 18[) in the form: 

U' = U + $ ) M + f!P\y i ], (3.20) 

w' = w. 

Now we describe how to calculate the / functions in Eq. ( 13.20ft . The first step is to rewrite the 
derivatives on the lhs of Eq. ( 13.12ft . We start by using Eqs. ( 13.8ft . ( 13.9ft and ( 13.10ft to separate the 
L < 1 and L > 2 pieces of T[4>, D\. 

V + (3W + 6 ^t; D] 1 , (3.21) 
- U 4 + (6)D0 2 



ST[<f>,D] 




SU 


-H 


sry>,D] _ 


--[ 


SV 


24 \ 


5fy>,D] 


i 


sw 


120 




+ (10)D(f) d + 120 



Equating the right sides of Eqs. (13.12ft and ( 13.21ft gives 

&U = 3l S * [ *: D] , (3.22) 
SU 



DT + (3)L> & [r + (A)D 6 U<p + (3)£r = 4!- 

SV 

D 5 W + {10)D e VU + {15)D 7 U 3 + {5)D 4 V<f) + {15)D 5 U 2 <p + {lO)D 3 U<f) 2 



+(10)L> 4 £/ + (15)D 2 = 5! " 



As we have seen in the previous subsection, the quantity $[0, D] can be written in a compact 
way in terms of the effective tilde vertices as $'[£)]. In order to make use of this result, we need to 
convert the functional derivatives with respect to tilde vertices in Eq. (13.22ft into derivatives with 
respect to effective tilde vertices. Using Eq. (l3~TTj) to obtain SW'/SV = SW'/SU = SV /SU = we 
have 

smp] = mo] 

SU SW ' 

6$[<f>,D] _ 5&[D]5W 5&[D] 

SV SU' SV SV' ' 

5$[<f),D] _ 6&[D] SW 5®\D] SV 5&[D] 

SW ~ SW SW SV SW SW' 



Using Eq. ( 13.17ft again, we can obtain explicit expressions for SW/SV, SU'/SW, SV /SW, and 
simultaneously solve the set of equations in Eq. ( 13.22ft and ( 13.23ft . eliminating the functional 
derivatives with respect to the tilde vertices. We obtain 

I?U = l£W. (3.24) 
SW 



15 



D*V + (3)D b U 2 + (3)D 2 = 24 



5V> 



D b W + (10)D b VU + (15) D ( U 6 = 120 



SW' 



We note that the EIGHT diagram in $'[£)] has the form ^D 2 V and therefore the only contribution 
it makes to Eq. (I3.24p is to cancel the last term on the left side of the second equation. In the future 
we will drop this term, and remove the EIGHT diagram from $'[£)]. 



The next step is to calculate the derivatives in Eq. (13.24)) . There are 71 diagrams in which 
are listed under Fig. [TH However, for some terms, derivatives give contributions that are beyond the 
order to which we are working [see Eq. (I3.20p ]. In Sec. IIVBI we discuss in general the relationship 
between the loop order of a diagram in the effective action and the loop order of the functional 
derivative of the diagram with respect to an z-point vertex. The result is given in Eq. (14. 6p . Using 
this result we find that, in Eq. (13. 24j) . we only need to calculate derivatives of the L < 4 loop terms 
in $'[£)]. The results are shown in Fig. [T9j In accordance with Eq. ( I3.20p . we keep L < 2 loop terms 
in the expansion of U, L < 1 loop terms in the expansion of V, and tree graphs in the expansion 

(2) 

of W. The result for the 2-loop terms is not given because it cancels exactly, as we will show 
below. 



(3) 2 X^ 



[2 loop] 



(3)^1 



(3) 



(3) 2 XX+( 12 )2> 





<^+(io). 



(15) 1 1 1 



(10) 



(15) 



FIG. 19. Diagrammatic representation of Eq. (|3.24ll . 



We can simplify the results shown in Fig. [T9j Substituting the first and second equations into 
the third, it is clear that the equation for the 5-vertex can be rewritten W = W + . . . [where the 
dots indicate terms with one or more loops which are beyond the order of Eq. (I3.20p ], We can also 
rewrite the equation for the 4- vertex. We iterate the first line in the figure to obtain the result shown 
in Fig. [20] (dropping L > 2 loop terms) . Multiplying this equation by three and subtracting from 
the second line in Fig. [TH] we can write the equation for the proper 4-vertex as shown in Fig. 
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Wz >- b-+(2) 




FIG. 20. Iteration of the first line in Fig. [H 
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+ (3UXX 




>^+(4)^^C>- + 



FIG. 21. Rearrangement of the second line in Fig. [19] 

The final task is to invert these equations, which can be done using a straightforward iterative 
process. The complete set of inverted equations is shown in Fig. [221 where we drop all terms that 
are beyond the order to which we are working (see Eq. (I3.20P ). 



- = J_ + _i- + _ 

-A- =-(3) lyo i- 



+ 





■(3)1 >X- (3) 




-(4) i 



/ 



FIG. 22. Diagrammatic representation of Eq. (|3.20[) . The grey square blobs denote the contributions to the 3- and 4-point 
vertices at 1-loop order [ffp and fy^), and the grey triangle blob denotes the contribution to the 3-point vertex at 2- loop 
order (/#* ). No result is given for the triangle blob, since it cancels in the final result [see below]. 



Substitutions 



into the expression for the 



In this subsection we discuss the substitution of the results in Fig. 
effective action in Fig. [TSJ 

First we consider the diagrams in square brackets in Fig. [TH] The results are shown in Fig. 
We give an example to show how this figure is obtained. The two EGG-type graphs in the first set 
of square brackets in Fig. [151 can be written 



1 

12 



D 3 (U 



t\2 



1 

6' 



D 3 UU' 



1 

12 



-D 3 UU' 



-D 3 (2U(U + /« + ff) + (/«) 2 + 



6 

(i) 

'u Ju 



(3.25) 



-D 3 UU' 
6 



1d» 

12 



Equation (I3.25P corresponds to the first line in Fig. 
loop order (2,4,5), respectively. 



The last three terms in Eq. (13.251) are of 



17 




klo^^ 120 ~~ 240 

FIG. 23. The result obtained from substituting Fig. [22] into Fig. [18] 

Next we consider the MERCEDES diagram, which is the only contribution to ^[D]. Using Fig. 
1221 we obtain the result shown in Fig. [2D The graphs on the rhs of this figure are of loop order 
(3,4,5,5), respectively. 

FIG. 24. Result obtained from substituting Fig. [22] into the MERCEDES diagram. 

It is now straightforward to collect the 5-Loop terms in § int [D, U, V, W}. 
For L < 4 loops there are contributions from 

• The L < 4 loop diagrams in Fig. |23j 

• The L < 4 loop diagrams in Fig. [2H 

• The 4-loop diagrams in ^[-D] with the effective tilde vertices replaced by the proper ones. 

Collecting these terms we obtain the set of 4-Loop graphs shown in the first two lines of Fig. [25j 
After inserting the square blobs (see Fig. I22l) . we find that the 4PR diagrams cancel and we are left 
with the 4PI terms in Fig. [5], and one additional graph that contains an effective 5-point vertex, 
which we call BBALL2. This result is shown in the third line of Fig. 1251 
For L < 5 loops there are additional contributions from 

• The 5-loop diagrams in Fig. [23j 

• The 5-loop diagrams in Fig. [2H 

• The 4-loop diagrams in ^[-D] with one effective tilde vertex replaced by the corresponding grey 
square blob in Fig. [221 an d the other effective tilde vertices replaced by proper vertices. 
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BBALL2 



FIG. 25. The L < 4 loop diagrams contributing to & int [D, U, V, W). The diagrams in $> int [D, U, V] are shown in Fig. 

• The 5-loop diagrams in Nt^-D] with all effective tilde vertices replaced by proper vertices. 

(2) 

There are three 5-loop diagrams that contain the grey triangle blob (/^ ). They are included in 
items 1 and 2 in the list above (see Figs. 1231 and |24"]) . It is easy to show that the sum of these 
three graphs is zero, by substituting in the expression for the grey square blob in Fig. [22j As a 

(2) 

consequence of this cancellation, the explicit form of the 2-loop term is not needed. Collecting 
all of the other terms in the list above produces, at the end of a long calculation, the diagrams shown 
in Fig. |23 

This result has several unexpected features. All of the diagrams in the second line of the figure have 
negative coefficients, and the coefficient for diagram 1A is twice the factor that would be produced 
by the normal combinatoric rules for calculating symmetry factors. These diagrams are also 5PR, 
which means that the "5PI" effective action is not 5-particle irreducible. This suggests that the 
n-Loop nPI effective action is n-particle irreducible for n < 4 only. We discuss the significance of 
this in the next section. 




IV. STRUCTURE OF THE nPI EFFECTIVE ACTION AND ITS EOM'S 

In this section, we discuss the structure of the nPI effective action, and the relationship between the 
nPI eom's and the sd equations. From this point on we set 0=0. We remind the reader that the 
effective bare propagator and effective bare 3- vertex are equal to their bare counterparts when 0=0: 
D°° = D\ =0 and U°° = U\ =0 [see Eq. (1231) ]. 

A. Skeleton Expansion of the Effective Action 

In this subsection, we make some general statements about the diagrams that can appear in the 
skeleton expansion of the m-loop nPI effective action. We discuss which diagrams are topologically 
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allowed in the 2PI effective action, and which ones survive the Legendre transforms. Using / for 
the number of internal lines, E for the number of external legs, and Vk for the number of fc-point 
vertices, the standard topological relations are 

n n 

m = I -J^Ufc + l, 2I + E = J2 kv k- 

3 3 

Eliminating I and setting E = we get 

m = l + J2(\k-iy k . (4.2) 

fc=3 

Before looking at general solutions to Eq. (14. 2p . we consider a special class of graphs that 
contribute to the m-loop nPI effective action which we will call super-BBALL and super-BBALLo 
diagrams. In the next subsection, we will see that these diagrams play an important role in the 
eom's. For % > 2 loops, nontadpole graphs with two Vj+i vertices, and no other vertices, are super- 
BBALL diagrams. Nontadpole graphs with one Vj+i vertex and one V° +1 vertex, and no other 
vertices, are super-BBALL diagrams. For example, the % = {2,3,4} super-BBALL diagrams are 
{EGG, BBALL, BBALL2}, and the super-BBALL diagrams are {EGG , BBALL }. In addition, 
the terms i/2TrLnD _1 and i/2 Tr[(D°)~ 1 D] in the 1-loop effective action will be called the 1-loop 
super-BBALL and super-BBALLo, respectively. 

For any loop number m, we define Vjt max as the largest vertex (with /c max legs) that appears in 
the L = m loop effective action. We will argue below that for any m the vertex 14 max appears only 
in the m-loop super-BBALL and super-BBALL diagrams. From Eq. (14. 2p . using fjt max = 2 and 
t^fc max = 0, it follows immediately that fc max = m + 1. 

Now we consider general 2PI solutions to Eq. (I4.2p . 

m = 1 : Eq. (14. 2 p gives Vk = for k G {3,4, . . .n}, and therefore fc max — 2. Since the 1-loop terms 
in the effective action are the 1-loop super-BBALL and super-BBALLo diagrams, we conclude that 
for m = 1, the vertex V fcmax= ( m+1 ) appears only in the m-loop super-BBALL and super-BBALL 
diagrams. 

m = 2 : Eq. ( 14. 2p gives v& — Vq = Vj — . . . = 0. The only 2-loop diagram that has a 4-point 
vertex is the EIGHT diagram, which has a bare 4-point vertex. The largest variational vertex that 
appears at the 2-loop level is the 3-vertex in the EGG (and EGGo) diagram, which is the 2-loop 
super-BBALL (and super-BBALL ) diagram. The conclusion is that for m = 2 we have the same 
result as for the 1-loop case above: the vertex Vfc max= ( m+ i) appears only in the m-loop super-BBALL 
and super-BBALLo diagrams. 

We note that if the EIGHT diagram contained a variational 4-vertex, it would produce a 
nonconnected contribution to the eom for the 4-point vertex. 

m = 3 : Eq. (14. 2 p gives v j = for % G {7, 8, ... n}. We look at the solutions to Eq. (14. 2 p that have 
nonzero values of v k for 4 < k < 6. The only possible solutions are 



{^3 


= o, 


f 4 


= 0, 


V 5 


= 0,v 6 


= 1} 


— >■ 


tadpole 1 , 


{^3 


= 1, 


V 4 


= 0, 


v 5 


= Me 


= 0} 


— >■ 


tadpole 2 , 


{^3 


= 2, 


v 4 


= 1, 




= 0,w 6 


= 0} 


— > 


HAIR, 


{^3 


= 0; 




= 2, 


v 5 


= 0,w 6 


= 0} 


-> 


BBALL and BBALL 



The first two solutions correspond to the tadpole graphs shown in Fig. [271 It is easy to see that 
tadpole graphs with all lines joining at a single vertex must cancel (in the same way that the EIGHT 
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graph that depends on the effective tilde vertex cancels in Fig. [T7|) . Therefore, the first diagram in 
Fig. [27] does not appear in the effective action. Our calculation of the 5-loop 5PI effective action 
shows that the second tadpole graph in Fig. [27] also cancels. The third solution in Eq. (14.31) 
corresponds to the HAIR diagram, which has a bare 4-vertex. The fourth solution is the BBALL 
(and BBALL ) diagram, which is the 3-loop super-BBALL (and super-BBALL ) diagram. The 
conclusion is that for m = 3 we have the same result as for the m < 2 cases above: the vertex 
Vfe max= ( m +i) appears only in the m-loop super-BBALL and super-BBALLo diagrams. 

We note that if the tadpole diagrams did not cancel, they would give nonconnected contributions 
to the eom's for the 5- and 6-point vertices. Also, if the HAIR graph contained a variational 4-vertex, 
it would give a 1PR contribution to the eom for the 4-point vertex. 




FIG. 27. 3-loop diagrams that do not contribute to the effective action. 



m = 4 : Eq. (14. 2p gives v j = for i G {9, 10, . . .n}. We look at the solutions to Eq. (14. 2 p that have 
nonzero values of Vk for 6 < k < 8. Two examples of graphs that contain a 6-point vertex are shown 
in parts (a) and (b) of Fig. [281 These graphs give disconnected contributions to the eom for the 
vertex Vq, and therefore they should cancel in the effective action. We expect that all graphs with 
v k 7^ for 6 < k < 8 would give disconnected contributions to eom's, and that they cancel from 
the effective action. This means that the largest vertex that will appear at the 4-loop level is the 
5-vertex. The solutions to Eq. (14. 2p with v 5 7^ and v & = for 6 < k < 8 are 

{t> 3 = 1, t> 4 = 1, t> 5 = 1, t> 6 = t>7 . . . = 0} — > tadpole 3 and first diagram in FigJT6], (4.4) 
{f 3 = 3, t> 4 = 0, v 5 = 1, Vq = v 7 . . . = 0} — > tadpole 4 and second diagram in FigJTBl. 
{v 3 = 0, t>4 = 0, v 5 = 2, v 6 = f 7 . . . = 0} — >■ tadpole 5 and BBALL2 . 

The graphs labeled tadpole 3, tadpole 4, and tadpole 5 are shown in Fig. [281 i n parts (c), (d), and 
(e), respectively. Our calculation of the 5-Loop 5PI effective action proves that these graphs cancel. 
In addition, the calculation shows that the first two diagrams in Fig. dn] cancel. The only surviving 

4- loop diagram is BBALL2. The conclusion is that for m = 4 we have the same result as for the 
m < 3 cases above: the vertex Vfc max= ( m+ i) appears only in the m-loop super-BBALL diagram (there 
is no 4-loop super-BBALLo diagram because W° = 0). 

We note that the first two graphs in Fig. [16] would produce 1PR contributions to the eom for the 

5- point vertex. 

oo otcz^ 6do 

(a) (b) (c) (d) (e) 

FIG. 28. 4-loop diagrams that do not contribute to the effective action. 

We summarize below our results for m < 4: 

1. The only graph with 14 max that survives the Legendre transform is the m-loop super-BBALL 
(and for m < 4 the m-loop super-BBALLo) diagram, and fc max = (m + 1). 
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2. The m-loop graphs that contain Vfc max and are not super-BBALL (or super-BBALLo) cancel. If 
they did not cancel, they would produce 1PR contributions to the eom for the vertex V& max . 

3. Tadpole graphs would produce disconnected contributions to the eom of the vertex that joins 
the tadpole loop to the diagram. In the calculation of the 5-Loop 5PI effective action, there is 
one 3- loop tadpole (the second graph in Fig. |2"7]) . three 4- loop tadpoles (the last three graphs in 
Fig. 125]) . and 14 5-loop tadpoles. We have checked that all of these graphs cancel. The EIGHT 
diagram depends only on the bare vertex. 

We expect that these results hold at higher orders. We assume below that for any m, the only 
graph that contains the vertex Vfc max is the m-loop super-BBALL diagram (and for m < 4 the m-loop 
super-BBALLo diagram). In order to facilitate the discussion in the next section, we separate the 
super-BBALL and super-BBALL terms from the effective action by writing 



where f „ [Vj] = — [Vj] contains all terms in the effective action that are not super-BBALL 
or super-BBALLo- The vertex V% appears in the (i — 1) loop super-BBALL (and super-BBALLo) 
diagram, and diagrams with L > (i — 1) loops in f^[Vj]. 

B. Skeleton Expansion of the eom's 

Now we consider the structure of the eom for the vertex Vj that will be produced from the effective 
action in Eq. (IP]) using Eq. ([2~T2]) . 

Taking the functional derivative of an m-loop graph in the effective action with respect to the 
variational vertex V (2 < % < n) opens % — 1 loops. This means that an m-loop graph in the effective 
action produces a diagram with £,[m, i] loops in the eom for the vertex V, where we have defined 



Note that the order of the original m-loop diagram in the effective action corresponds to i — 1. 

According to our definition (see Sec. IIV Aj) . the super-BBALL and super-BBALLo diagrams have 
(i — 1) loops. Equation ( 14. 6 P gives C[i — 1, i] = 0, which means that these graphs produce 0-loop (or 
tree) contributions to the eom for the vertex Vj. Derivatives of the super-BBALL and super-BBALLo 
diagrams give — (1 — 2<5 i2 ) (l/*0 (Vj — Vf). The factor (1 — 25 i2 ) gives (1) for i > 3 and (— 1) for i — 2. 
The sign difference for the 2-point function occurs because of the fact that it is conventional to write 
the effective action as a function of the propagator D instead of the inverse propagator D^ 1 (see 
footnote 3). We give several examples: In the eom for the 2- vertex, the 1-loop contributions to the 
effective action produce \{D^ — (D )^ 1 ). In the eom for the 3-vertex, the EGG and EGGo graphs 
produce —\U and hU°, respectively. In the eom for the 4- vertex, the BBALL and BBALLo graphs 
produce —^V and ^V°, respectively. In the eom for the 5- vertex, the BBALL2 graph produces 
— JzqW, and the absence of a bare 5-vertex corresponds to the absence of a BBALL2-type graph 
with a bare vertex, and the absence of a W° term in the eom. 

Equation (14. 6ft also tells us that functionally differentiating the L > (i — 1) loop terms in fl m ^[Vj] 
produces contributions with L > loops. Combining pieces we can rewrite the eom: 




(4.5) 



£[m, i] := m — % + 1 . 



(4.6) 



Vi= V° + fen, [Vj] , fcn 4 [V,] = i! (1 - 28 i2 ) 



5Vi 



(4.7) 
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where the functional fcnj[Vj] is L > 1 loops in the skeleton expansion. To illustrate the notation we 
write out Eq. (14. 7p for i — 2 and i = 3: 



° n ^ VA =0 iT 1 = (D )- 1 - 2! d w lK>J = p )- 1 - n[V,] , (4.S 



^F = -+ ^^ + 3! ^^o + fcn3[Vj] . 
d(7 o(7 



C. Perturbative Expansions 

The nPI effective action represents a reorganization of perturbation theory that can be thought of as 
corresponding to an infinite resummation of some set of diagrams with bare propagators and vertices. 
The nPl formalism is of interest because it includes nonperturbative effects, and the goal is not to 
expand, but to solve the nPI eom's or the sd equations self-consistently. However, we will show in 
this section that we can obtain some interesting results about the structure of the nonperturbative 
variational eom's by considering their perturbative expansions. In order to see which diagrams are 
included in the perturbative expansion of the effective action, or in any of the vertices Vj, we could 
expand the corresponding functional by substituting repeatedly the eom's. This procedure would 
replace variational propagators and vertices with bare ones, while generating higher and higher loop 
diagrams in the perturbative expansion that correspond to propagator- and vertex-corrected versions 
of the diagrams in the skeleton expansion. In this subsection we consider the diagrams that would 
be produced by this procedure. The goal is to show that the m-Loop effective action produces all 
terms in the perturbative expansions of the effective action, and the vertices Vj, up to L pt = C[m, i] 
loops. The significance of this result is explained in Sec. IIVDI 

Throughout this paper, we use L to denote loop number in the skeleton expansion. In this section 
we introduce the notation L pt to denote loop number in the perturbative expansion. 

We consider adding L = (m + 1) loop terms to the skeleton expansion of fi m) [V,-]. We write these 
terms f ^ _ ^ m+1 ^ [Vj] where the superscript indicates only terms with L = (m + 1) loops are included 
(recall that frT°[Vj] contains terms with L < m loops). These (m + 1) loop terms will produce new 
contributions to the skeleton and perturbative expansions of the effective action, and each vertex Vj. 
We will show that all terms in f n~*' m+1 ' ) [V J ] produce contributions to the perturbative expansion of 
the effective action and the vertex Vj at L pt > C[m,i] loops. 

There are two types of contributions: 

(1) As explained in the previous subsection, taking the functional derivative of f n _ ^ m+1 ^[V,-] with 
respect to Vj produces new terms in the skeleton expansion of Vj of order C[m + 1, i]. It is clear that 
they contribute at L pt > C[m,i] loops to the perturbative expansion, and give no contributions at 
L p t < C[m,i] loops. 

(2) We also need to consider lower order (old) terms in the skeleton expansion of order £[m',i], 
with ml < m, with an arbitrary internal variational vertex Vfc replaced by a term in fcnfe[Vj] 
[see Eq. (|4.7|) ] which was produced by functional differentiation of f n _ [Vj]. For any k, 
the new contributions to the vertex Vk are of order C[m + l,k]. The substitution produces 
terms of order L = C[m', i] + C[m + 1, k] in the skeleton expansion. From Eq. (14.61) we have 
C[m + l,k) > C[m + 1, k max ] which means L > C[m',i] + C[m + l,fc max ]. Using Eq. (14. 6p with 
^max — w! (see Sec. IIV Al) we obtain L > C[m, i], and therefore L pt > C[m, i] loops. 

We have shown that both types of contributions from terms in Tn~^ m+1 \Vj] contribute to the 
perturbative expansion of the effective action and the vertices Vj at L pt > C[m, i] loops. We also know 
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that without truncation the expanded effective action and vertices V% exactly match the perturbative 
expansion. These two statements together allow us to conclude that the m-Loop effective action 
must produce all terms in the perturbative expansions of the effective action and the vertices Vj up 
to L pt = C[m, i] loops. 

1. Structure of the Effective Action 

It is usually said that the fact that the 2PI effective action does not contain 2PR diagrams is evidence 
that double counting does not occur at this level. One argues that any 2PR diagram in the effective 
action would correspond to a propagator correction of a lower loop diagram, and thus would appear 
twice in the expanded series, or equivalently, it would appear with the wrong symmetry factor. 

We can try to extend this argument beyond the 2PI level. An nPR diagram can be defined to be 
a diagram that cannot be divided into two pieces by cutting n or fewer lines such that each piece 
contains at least one closed loop. We expect that any diagram that could be cut in this way would 
correspond to a vertex correction of a lower loop diagram. To illustrate this point, we consider the 
4-Loop 4PI effective action. The diagrams that survive the Legendre transform are not 4PR (see 
Figs. H]and|5]). The 4-loop 4PR diagrams that are canceled by the Legendre transform are shown in 
Fig. [T5j They can all be written as vertex-corrected lower loop diagrams. This is shown in Fig. 1291 




FIG. 29. The left side of the figure shows 4-loop 4PR diagrams that do not contribute to the 4PI effective action. The 
dotted lines divide the diagrams into two pieces, each of which contains a closed loop. The right side of the figure shows the 
corresponding vertex-corrected lower loop diagram. 

The fact that all nPR diagrams are removed by the Legendre transforms does not guarantee that 
the expanded effective action will agree with the perturbative expansion to the truncation order, 
since it is not obvious that all graphs would be produced with the correct symmetry factors. In 
addition, the argument discussed above is not valid for the 5-Loop 5PI effective action, since all of 
the diagrams in the second line in Fig. [26] are 5PR. The fact that the "5PI" effective action is not 
5-particle irreducible suggests that the ra-Loop nPl effective action is n-particle irreducible for n < 4 



24 



only (as discussed in the introduction, we use "nPI effective action" to mean the action produced by 
taking n Legendre transforms). 

From these results, the naive conclusion is that the ra-Loop nP\ effective action does not make 
sense for n > 5. However, we have shown in this section that the expanded L < m loop skeleton 
diagrams of the effective action must match the perturbative expansion at L pt < C[m, 1] = m loops. 
This is equivalent to proving that the m-Loop nPI effective action is void of double counting at m 
Loops. We conclude that the effective action produced by the Legendre transforms does not double 
count at the level of the truncation, but it is not necessarily n-particle irreducible. 

2. Structure of the eom's 

Since the m-Loop effective action matches the perturbative expansions of the vertices V% up to 
Lpt = C[m,i] loops, we can rewrite Eq. (14. 7p as 

V, = V° + fcmtVj] , {i,j}e{2,3,...n}. (4.9) 

S V ' 

L<C[m,i] | Lpt<C[m,i]ei,ii 

The subscript L < £[m,i] \ L pt < £[m, i] a n indicates that Vj contains only terms with L < C[m,i] 
loops in the skeleton expansion, and all terms with L pt < C[m, i] loops in the perturbative expansion. 

The terms that are included in the skeleton expansion depend on the result for Fn . The terms in 
the perturbative expansion can be obtained in the usual way from the m-Loop 1PI effective action 
[see Eq. (12. 6p ], or by simply writing down all possible C[m,i] Loop 1PI diagrams and calculating 
the symmetry factors using a combinatoric formula. 

3. Interpretation 

We have shown above that the m-Loop effective action must produce all terms in the perturbative 
expansions of the effective action and the vertices Vj up to L pt = £[m, i] loops. This result has 
important consequences when we consider the role of symmetries in nonperturbative calculations. 

One of the very attractive features of nPI effective theories is that the eom's guarantee that linearly 
realized global symmetries of the original theory are respected, and that the conservation laws that 
follow from Noether's theorem are satisfied (ill . fl2| . However, if the original theory has a local 
symmetry, the variational i-point functions will not obey standard Ward-like identities (see [13| and 
references therein). 

The issue is particularly important in the context of gauge theories. When calculating physical 
observables, we expect that gauge independence is encoded in the Ward identities. For an nPI 
effective action, the vertex functions that are defined as derivatives of the variational extrema of the 
action will satisfy a set of symmetry identities that have the same structure as 1PI Ward identities 
[140 These kinds of symmetry identities have been used to prove the renormalizability of the 2PI 
effective action for QED jl5|. However, these symmetry constraints do not directly address the 
question of the gauge invariance of observables calculated from the nPI effective action. For any 
diagram, the i-point functions that correspond to internal lines and vertices must be determined 
by a fully self-consistent variational procedure, and will not satisfy standard Ward identities. As a 
consequence, quantities calculated with nPI techniques that are supposed to correspond to physical 
observables can contain gauge dependent contributions. We need to be able to quantify and control 
this gauge dependence. 



7 In Ref. 1 14ll the effective action is defined as a function of connected vertices. 
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In this paper we are working with a scalar theory with cubic and quartic couplings. The m-Loop 
nPl effective action matches the perturbative expansion to m loops. The vertex functions match the 
perturbative expansion to C[m, i] loops, which means that they have the correct crossing symmetry 
to this order. Symmetry breaking contributions appear at order C[m,i] + 1 = C[m + loops, 
which is the same order as terms that would be produced by L = (m + 1) loop terms in the effective 
action which were dropped when we performed the truncation. We conclude that the variational 
vertex functions respect crossing symmetry to the truncation order. 

The toy model that we study in this paper has the same basic diagrammatic structure as QED or 
QCD. It should be straightforward to use the same method to show that the m-Loop nPl effective 
action for these theories (and their eom's) matches the corresponding perturbative results to order 
C[m, i]. Since the perturbative loop expansion is gauge invariant at every loop order, we would 
conclude that the m-Loop nPl effective action is gauge invariant to m loops (or to order g 2m ~ 2 ), 
which is the truncation order. 

The same result has been obtained previously using a completely different approach. In Ref. (l6| . 
the authors look at the truncated effective action, evaluated at the solutions obtained from the 
self-consistent eom's. They consider the behavior of this resummed effective action under Becchi- 
Rouet-Stora-Tyutin transformations and prove that it is gauge invariant to the truncation order. 
In Ref. [17], the authors obtain the same result using the Nielsen identities to study cancellations 
between the gauge dependence of the effective action and the variational solutions. 

D. Comparison of the n-Loop nPl eom's and the Schwinger-Dyson Equations 

The Schwinger-Dyson equations form an infinite hierarchy of coupled nonlinear integral equations 



for all the n-point functions of the theory. Their derivation is tedious but straightforward [1-3]. The 
i-point function, which we write V- d , satisfies an integral equation that depends on the vertices Vj d 
with 2 < j < i + 2 which has the form 

Vf = V° + tf d [Vf ] ; 2<j<i + 2. (4.10) 

The sd equations for the 2- and 3-point functions are shown in Figs. [30] and [311 respectively. We 
give the equation for the 4-point function in Appendix C In all diagrams that correspond to sd 



equations, the numerical factors in brackets refer to permutations of the legs on the rhs of the graph. 
D~ l = {D°)- l -U 



n 




FIG. 30. Schwinger-Dyson equation for the 2-point vertex. 

We can truncate the sd equations by setting V*!^ = V° +1 for some value of p. We consider iterating 
the resulting set of equations to obtain a series of perturbative diagrams. For each i-point function, 
we want to determine the order L[p, i] to which this series of diagrams matches the perturbative 
expansion. The diagram in the sd equation for the vertex that produces a term that fails to 
match at the smallest L pt is the 1-loop diagram that contains the vertex V?z i+1 . The graph is shown 
in Fig. [32] We start by considering i = p. Since we have set = Vp +1 in order to truncate 

the series, the graph that corresponds to a 1-loop insertion in the place of the vertex on the rhs of 
this diagram will be missing. Since the diagram is itself 1-loop, the expanded equation for Vt d will 
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(11) 
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FIG. 31. Schwinger-Dyson equation for the 3-point vertex. 



be missing graphs with L pt = 2, but will match the perturbative expansion to L pt = 1. We write 
this L[p, p] = 1. Now we look at the same graph with i — p — 1. We have just seen that the Vp d 
vertex on the rhs is missing 2-loop terms. This means that the expansion of the vertex Vp_i will be 

We write this 



missing graphs with L pt = 3, but will match the perturbative expansion to L pt = 2. 
h\p,p — 1] = 2. Continuing in the same way we get L[p,p — 2] = 3, L[p,p — 3] = 4 • • 
expression corresponding to these results is 



Hp, 



p — i + l, 



The general 



(4.n; 



where L[p, i] gives the order to which the vertex Vf d will match the perturbative expansion, if the 
sd hierarchy is truncated by setting Vf+j = 0. 



number of external legs 




FIG. 32. A term from the sd equation for the vertex Vf d which produces a term that fails to match the perturbative expansion 
at the lowest loop order. The dots denote legs that are not drawn. 



Now we can compare the eom's produced by the nPI effective action and the sd equations. If 
neither the nP\ effective action nor the sd hierarchy is truncated, the two sets of equations are 
equivalent. Calculations involve truncation, so we should compare the truncated sets of equations. 
We consider the eom's produced by the m-Loop nP\ effective actiorJl, and the sd hierarchy truncated 
by setting = V° +1 . At first glance, sd equations and nPI eom's do not appear to have the same 
structure at all. All contributions to the eom from diagrams in <3> m * will contain only corrected 
vertices (no bare vertices), and are missing from the sd equation. The contributions to the eom from 
$° contain bare vertices, but they are symmetric in permutations of the external legs. In contrast, 
in the sd equation, all graphs contain a bare vertex on the lhs. However, from Eqs. 04. 6 p and 04. lip , 
it is clear that the eom's obtained from the m-Loop nP\ effective action, and the sd equations for 
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p = m, both match the perturbative expansion and therefore each other (for 2 < i < n) , to the same 
perturbative loop order. 

In the rest of this paper we will choose m = n (see Appendix B). From Eqs. (14.61) and (14.111) 



we find that, for n = m = p, the nPl eom's and the sd equations both match the perturbative 
expansion, and therefore each other, to L pt = C[n, i]. It is equivalent to say that Eq. (14. 9 P can be 
rearranged in the form: 

Vi = V° + ff[Vj\ + v extra , ; j G {2, . . . min[z + 2, n]} ; i G {2, . . . n} . (4.12) 

L<C[n,i] 

The expression ff d \Vj] on the right side of Eq. (I4.12p represents a series of diagrams that have 
the same form as the diagrams in the sd equation for the vertex V/ d [Eq. (|4.10|) ]. but taking only 
diagrams with L < C[n, i] loops, and replacing the sd propagator and vertices Vj d with the variational 
propagator and vertices obtained from the n-Loop nPI effective action for 2 < j < min[i + 2, n], and 
bare vertices for j > min[i + 2, n] + 1. In Sec. |V] we verify Eq. (14.121) for n < 5 and i G {2, 3}. 

Before discussing the significance of Eq. ( I4.12p . we look at an example to illustrate the notation. 
We consider the 5-Loop 5PI effective action and look at the eom for the 3-point function. We 
have min[z + 2, n]=min[3+2,5]=5 and C[n, i] = £[5,3] = 3. Since the sd equation contains 
only terms of L < 2 < £[5,3] = 3 loops (see Fig. |3T|) . we can drop the subscript and write 
fi d [D, U, V, W] | L < 3 = ff[D, U, V, W\ so that Eq. (|4TT2|) becomes 

5-Loop5PI: U = U° + ff[D,U,V,W] + extra (4.13) 

i P t>4 

Equation (14.13P says that the variational eom for the 3-point function has the same form as the sd 
equation for the 3-point function, with the sd propagator and vertices replaced by the variational 
propagator and vertices, plus some terms that are 4-loop or higher in the perturbative expansion. 

The term marked "extra" in Eq. (I4.12p is of order C[n,i] + 1 = C[n + loops, and is the same 
order as terms that would be produced by L = (n + 1) loop terms in the effective action which were 
dropped when we performed the truncation. An equivalent statement is that if we do a calculation 
using an n-Loop nPl effective theory, and replace the eom's for the variational propagators and 
vertices by the sd equations truncated with V n+ i = V° +1 , the error we make is of the same order 
as terms that would come from contributions to the effective action that are beyond the truncation 
order. For a gauge theory, these terms correspond to potentially gauge dependent contributions, and 
have no physical interpretation. Note that truncations of the sd equations also produce violations 
of underlying symmetries. This has been discussed extensively (see, for example, Refs. fl8M2ol| and 
references therein). 

V. INTEGRAL EQUATIONS - EXPLICIT CALCULATIONS 

In this section we explicitly verify Eq. (I4.12p for the 2- and 3- vertices to the level of the 5-Loop 5PI 
effective action. The basic method is to rearrange the eom's by substituting them into themselves. 
We perform these substitutions by rewriting the variational eom's in Eq. (14 .9p for 3 < i < 5 in the 
form 

U = [/ + fcn 3 [V i ], (5.1a) 
U° = U - icn 3 [Vj] , (5.1b) 
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V = V° + fcn 4 [Vj] , (5.1c) 
V° = V - fcn 4 [V,] , (5. Id) 

W = icn 5 [Vj] . (5.1e) 

We compare the rearranged eom's with the sd equation, with propagators and vertices replaced by 
the corresponding variational ones. We show that the difference is a set of skeleton diagrams that 
corresponds to terms in the perturbative expansion with L pt > C[m, i] + 1 loops. Throughout this 
section, when we refer to "the sd equation," we mean the sd equation as a functional of variational 
propagators and vertices, as in Eq. ( 14.12ft . 

A. Integral Equation for the 2-point Vertex 

For the 2-point function, we will show that the structure of the calculation is particularly simple, 
and the extra terms in Eq. (I4.12p cancel cleanly. Equivalently, the eom for the 2-point function has, 
formally, exactly the same structure as the sd equation. 

1. eom for II for 2-Loop 2PI 

We start with the 2-Loop 2PI effective theory. We have min[i + 2,n]=min[2+2,2]=2 and C[m, i] = 
£[2,2] = 1. Equation flgJ2} becomes 

U = -ff[D]\ L ^ + ^extra^. (5.2) 

L pt >2 

The origin of the minus sign in front of the first term on the rhs is discussed under Eq. (14. 7p . 

We start by extracting the eom for the 2-point function for 2-Loop 2PI from our previous results. 
The diagrams that contribute to $° and $ mt are the 2-Loop graphs in Figs. H] and with U = U°. 
These are the diagrams labeled EIGHT, EGG, and EGGo (the EGGo and EGG diagrams combine 
when U = U°). The eom for II is obtained from Fig. [6] by including the contributions from the 
2-Loop diagrams listed above, and setting U = U°. This set of diagrams is the lhs of Eq. ( 15. 2ft . The 
rhs is the 1-loop terms in the sd equation, with the 3-vertex replaced by the bare one. From Figs. 
|6] and [301 it is easy to see that Eq. ( 15. 2 p is satisfied. We also find that for this example the extra 
terms in Eq. (15.21) are identically zero. We will show that this is a general feature of the calculation 
for the 2-point function. 

2. eom for II for 3-Loop 3PI 

Now we consider the 3-Loop 3PI effective theory. We have min[i + 2,n]=min[2+2,3]=3 and 
£[m,i] = £[3,2] = 2. Equation (I4.12p becomes 

n = -ff[D, U] + extra , (5.3) 

L P t>3 

where we have dropped the subscript L < 2 on the first term on the rhs, since all terms in the sd 
equation have two or fewer loops. 

We start by extracting the eom for the 2-point function for 3-Loop 3PI from our previous results. 
The diagrams that contribute to $° and $ m * are the 3-Loop graphs in Figs. H] and [5] with V = V°. 
These are the diagrams labeled EIGHT, EGG , EGG, BBALL , BBALL, HAIR, and MERCEDES 
(the BBALLq and BBALL diagrams combine when V — V°, but the EGGo and EGG diagrams do 
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not, because we have U 7^ U°). The eom for II is obtained from Fig. [6]by including the contributions 
from the 3-Loop diagrams listed above, and setting V — V°. 

We want to compare this eom with the corresponding sd equation, with the 4-vertex replaced by 
the bare one. Unlike the artificially simple 2-Loop 2PI example that we discussed above, these two 
equations look very different. For example, in Fig. 0, the second diagram labeled [IIhair]2 and 
the diagram labeled IImercedes do not appear in the sd equation at all. In addition, the 1-loop 
EGG-type topology contributes to both the eom and the sd equation, but in the sd equation it only 
appears with a bare vertex on the lhs, and in the eom there are also graphs with a bare vertex on 
the rhs, and with two corrected vertices. 

In spite of these apparent differences, we can show that the variational eom and the sd equation 
have the same form. We use Eq. (15. lap to remove the variational vertex on the rhs of the IIegg 
diagram in the eom. The result is shown diagrammatically in the first line of Fig. [33] (the diagrams 
in the second line correspond to contributions from the 4-loop 4PI effective action which we will 
need later). We use labels of the form {£7egg > ^hair, ^mercedes • • •} to indicate which term in the 
U eom produced each graph. In addition, we label each graph IIegg > to remind ourselves that the 
original graph from which they were produced is the IIegg graph. For example, there are two graphs 
that are produced by the substitution of the ^/target graphs in Fig. [7] into the IIegg diagram, which 
are labeled [IIegg [^target] ]i and [IIegg [^target]] 2 in Fig. EHJ 

-i-0-iO-iXX>-!^-i 

n EGG n EGG [[/ EG G ] [n E GG[%Am]]l [n E GG[%Am]]2 n EG G [^MERCEDES 





1 -4 ^ 




PeGG [^TARGET] ]l [n EGG [£/tARGEt] 1 2 [n EGG [[/ EY EBALL]ll [n EGG f t^EYEBALLl 1 2 n EGG [^TWISTED 



FIG. 33. Result from replacing the 3-vertex on the rhs of the IIegg diagram with the 3-vertex eom from the 4-Loop 4PI 
effective action (Fig. [7|). The graphs in the first line correspond to 3-Loop 3PI contributions in the effective action. 

The final result is obtained by combining the diagrams in the first two lines in Fig. El with the 
IIegg diagram replaced by the graphs in the rhs of the first line of Fig. [33j We extract the diagrams 
that correspond to the sd equation with V — V°, and then show that the remaining diagrams cancel. 

In order to explain how this procedure works, we must introduce some new notation. Throughout 
this paper, we combine permutations of external legs in equations and diagrams, whenever possible. 
In order to separate the sd contributions from the rearranged eom's, we need to separate contributions 
that correspond to permutations of external legs for some graphs. When external leg permutations 
are separated, we indicate with a superscript (lp, 2p, . . .) how many permutations are included in 
a specific term. For example we write: 

n E GG = n EGG + n EGG ' ( 5 - 4 ) 
^TARGET = ^TARGET + ^TARGET ■ 

We describe the content of these equations in words as follows: The graph IIegGo m Fig- which 
contains 2 permutations of external legs, is split into two pieces, each containing one permutation, 
and both of which are labeled II E q Go . The graph ^/target m Fig. [7J which contains 3 permutations, 
is split into two pieces ^target an d ^target which contain 1 and 2 permutations, respectively. We 
note that the superscripts {lp, 2p, . . .} indicate the number of permutations in a given term, but 
do not tell us which ones. We use this abbreviated and incomplete notation in order to make the 
equations readable. Each time this notation is used, the specific permutation that is meant will 
either be explained in words or be clear from the corresponding figure. 
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Using this notation we can now extract the terms that correspond to the sd equation from the 
rearranged eom. They are Height, the permutation of the IIeggo diagram with the bare vertex on 
the lhs, the permutation of the [IIhairJi diagram with the bare vertex on the lhs, and the sum of the 
IIbball and IIbballo diagrams with V = V°, which we write {n EIGH T, n E p GG[) , [IThair]^, n BB ALL, 

IIbbALLo}- 

It is straightforward to see that all of the remaining terms cancel. We list the sets of terms that 
cancel symbolically in Eq. f)5.5p . In this equation, the superscripts lp indicate the permutations 
with bare vertices on the rhs, which were not included in the sd equation. 

n E GGo+ n EGG[%GGo]=0, (5.5) 

IImercedes + IIegg [^mercedes] = , 
[IIhair]2 + [IIegg[^hair]]i = > 

[nHAIR]i P + [HeGG [U HAIr] ] 2 = . 

The content of this equation is described in words as follows. 

1) II EGGo is the permutation of the IIeggo diagram in Fig. with the bare vertex on the rhs. It 
cancels with the diagram labeled IIegg [%gg ] m Fig- ESI 

2) The diagram marked IImercedes m Fig- M cancels with the diagram marked IIegg [^mercedes] 
in Fig. [33] 

3) The graph marked [I1hair]2 in Fig. [6] cancels with the diagram marked IIegg [£^hair]i in Fig. [33] 

4) [I1hair]i P is the permutation of the [I1hair]i diagram in Fig. [6] with the bare vertex on the rhs. 
It cancels with the diagram marked IIegg [^hair]2 in Fig. [331 

The result is that all graphs in the rhs of the first line of Fig. [33] cancel, and the surviving diagrams 
in Fig. [6] have exactly the same form as the sd equation in Fig. [301 with V = V°. Thus we have 
verified Eq. (15.31) . and found again that for the 2-point function the extra terms are exactly zero. 

We point out an interesting feature of the cancellations listed above. If the contributions from the 
HAIR diagram are grouped together, the cancellations in Eq. (15. 5p have the form 

n x + Il EGG [Ui} = ; X G {{3PI}\super-BBALL} and II £ U sd , (5.6) 

where the notation "X G {{3PI}\super— BBALL} and IT ^ H s d" means contributions to X from all 
diagrams in the 3-Loop 3PI $ except the super-BBALL diagrams (the EGG diagram), but removing 
IT terms that are in the sd equation, which are not canceled. We will show below that this pattern 
holds for the 4-Loop 4PI effective theory, and the 5-Loop 5PI effective theory. Equation (15.61) can 
be represented symbolically by the first two terms in Fig. [371 

3. eom for II for 4-Loop 4PI 

For 4-Loop 4PI we have min[i + 2,ra]=min[2+2,4]=4 and £[m,i] = £[4,2] = 3. Equation <KT2\i 
becomes 

II = -ff[D, U, V] + s extra „ (5.7) 

i P t>4 

where we have dropped the subscript L < 3 on the first term on the rhs, since all terms in the sd 
equation have two or fewer loops. 

The eom for the 2-point function for 4-Loop 4PI is shown in Fig. El We use Eq. (15. lap to replace 
the variational proper 3-vertex on the rhs of the IIegg diagram, and Eq. (15. left to replace the 
variational proper 4- vertex on the rhs of the IIbball diagram. The results for the IIegg and IIbball 
diagrams are shown in Figs. [33] and [Ml We use labels of the form {Vbball 0) ^loopy, Veyeball • • •} 
to indicate which term in the V eom produced each graph. 
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nBBALL ngRALL [^BBALLq] IIbbALlIVlOOPy] [nBBALL [^EYEBALl]] 1 [tlBBALL [^EYEBALl] ] 2 IIbbALL [^TARGET 1 ] 

FIG. 34. Result from replacing the 4-vertex on the rhs of the IIbball diagram with the corresponding eom from the 4-Loop 
4PI effective action (Fig. [S]). 

The final result is obtained by combining the diagrams in Fig. with the IIegg diagram replaced 
by the graphs on the rhs of Fig. [321 an d the IIbball diagram replaced by the graphs on the rhs of 
Fig. [2U The terms that correspond to the sd equation are {IIeight; n E Q G , [IIhair]i P ; n B g ALLo }, 
where the superscripts lp indicate the permutations with bare vertices on the lhs. In Eq. (15. 8p we 
list the sets of terms that cancel, in addition to those in Eq. (15. 5p . In this equation the superscripts 
lp refer to permutations with bare vertices on the rhs. 

n BBALL + n BBALL[VBBALL ] = , (5.8) 

IItwisted + IIegg [^twisted] = , 

IIloopy + IIbball [^loopy] = , 

[II target] 1 + [IIegg [^target]]! = , 

[II target] 2 + IIbball [^target] + [IIegg [^target]] 2 = , 

[IIeyeball]i + [IIegg [^eyeball]] 1 = , 

[IIeyeball]2 + [IIbball [Eyeball]] 1 = , 

[IIeyeball]3 + [IIegg [%yeball]]2 + [IIbball [^eyeball]] 2 = . 

The result is that all graphs on the rhs of Figs. [331 and [2H cancel, and the surviving diagrams in 
Fig. El have exactly the same form as the sd equation in Fig. [201 Thus we have verified Eq. (15. 7p . 
and found again that for the 2-point function the extra terms are exactly zero. 

We note that Eq. (15. 8p has the same structure as Eq. (15. 5p . If the contributions from the IThair, 
II target and IIeyeball graphs are respectively grouped together, we can rewrite Eqs. ( 15. 5 p and 
flEE]) as 

ITi + n EGG [[/ z ] + IIbball [^z] = ; X G {{4PI}\super-BBALL} and II £ U sd , (5.9) 

where the notation "X G {{4PI}\super— BBALL} and IT ^ H s d" means contributions to X from all 
diagrams in the 4-Loop 4PI $ except the super-BBALL diagrams (EGG and BBALL), but removing 
IT terms that are in the sd equation, which are not canceled. Equation ( I5.9P can be represented 
symbolically by the first three terms in Fig. 1371 

4. eom for II for 5-Loop 5PI 

For 5-Loop 5PI we have min[i + 2,n]=min[2+2,5]=4 and C[m, i] = £[5,2] = 4. Equation (I4.12p 
becomes 

U = -ff[D,U,V] + s extra „ (5.10) 

L P t>5 

where we have dropped the subscript L < 4 on the first term on the rhs, since all terms in the sd 
equation have two or fewer loops. We remark that although Eqs. (15. 7p and (I5.10P are identical in their 
structure, their content is different, because their functional arguments are variational propagators 
and vertices that are determined from different equations of motion. 

In order to verify Eq. (15.101) . we follow the same strategy as before. The new diagrams in the 
5PI effective action are the 5-loop diagrams in Fig. [26] and the BBALL2 diagram in Fig. [251 It is 
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straightforward to calculate the additional contributions to the eom's for the 2-, 3-, 4-, and 5-point 



functions that are produced by these diagrams. The results are shown in|Appendix A| We use Eqs 



(15. lap . (15.1c)) and (I5.1e|) to replace the variational proper vertices on the rhs of the contributions 
to the IT eom from the EGG, BBALL, and BBALL2 diagrams, respectively. These substitutions 
produce 58 different 4-loop topologies which cancel exactly with the 58 topologies in Fig. HH The 
final result is that all contributions cancel, except for the graphs that correspond to the sd equation 
for the 2-point function, which verifies Eq. (I5.10p . Once again, the extra terms cancel identically. 
As examples, in Eqs. (15. lip and ( 15. 1 2[) we list the sets of graphs that cancel the diagrams labeled 
n T ARGET2 and n 3D in Fig. 



[nTARGET2]l + PeGG [^TARGET2]] 1 + n B BALL2 [W / TARGET2] 
[lTrARGET2]2 + [IT-EGG [^TARGET2]]2 = , 







(5.11; 



[n 3 D]l+[n E GG[t/3D]]3 = 0, 
[n 3 D]2 + [n E GG[^3D]]2 = 0, 

[n 3D ] 3 + [IlEGG[^3D]]l + [[n B BALL[^3D]]] 2 = , 
[n 3D ]4+[n B BALL[^3D]]l =0. 



(5.12) 



The substitutions that produce the terms on the rhs of Eqs. (15. lip and (" 15 . 1 2[) are shown in Figs, 
and [361 respectively. 




pEGG [U TARGET2] ] 1 [HegG [^TARGET!}]] 2 




nRRATJ^tVKTARGETal 



n R HATX2[W^:j 

FIG. 35. Contributions that cancel the graphs labeled IItarget2 in Fig. 1441 



[n EG G[^D]]i 



[n E GG[%D]] 3 





,[Vfc]]i 



[IIbBALL [^ / 3d]]2 



FIG. 36. Contributions that cancel the graphs labeled II3D in Fig. 1441 



All of the cancellations have the same structure as the examples given in Eqs. (15. lip and (I5.12p . 
and we have the same pattern of cancellation as in Eqs. (15. 6p and fl5.9j) : 



rix + n EGG [£/x] + n BB ALL[vy + n BBALL2 [w x } = o ; 

X G {{5PI}\super-BBALL} and IT £ U sd 



(5.13) 
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where the notation "X G {{5PI}\super— BBALL} and IT ^ H s d" means contributions to X from all 
diagrams in the 5-Loop 5PI $ except the super-BBALL diagrams (EGG, BBALL and BBALL2), but 
removing II terms that are in the sd equation, which are not canceled. Equation (" 15 . 1 3[) is represented 
symbolically in Fig. [371 




FIG. 37. Contributions to II from the 5-Loop 5PI effective action that cancel. 



5. eom for II for n-Loop nPI 

We describe below a general method to rearrange the eom for the 2-point function to show that it 
satisfies Eq. (I4.12p . In the subsections above, we have demonstrated that the method works for the 
n-Loop nPI effective theory, for n < 5. We expect that it will work at higher orders. The strategy 
is to perform substitutions on the diagrams in the eom that were produced by the super-BBALLs. 
We rearrange these terms by using Eqs. (15. lap . (I5.1cj) . ... to replace the variational proper vertex 
on the rhs. These substitutions produce graphs that cancel the diagrams that appear in the original 
eom, and not in the sd equation. We have found that each diagram in the effective action, except 
the super-BBALLs, produces contributions that cancel among themselves, excluding the diagrams 
in the eom that appear in the sd equation. This pattern of cancellation is depicted in Fig. [37J for 5- 
Loop 5PI. An equivalent statement is that if we remove any set of diagrams from $ m * (not including 
super-BBALL diagrams), the pattern of cancellation would not be destroyed: we would still find 
that the eom for the 2-point function has the same form as the sd equation. The corresponding 
calculation for the 3-point function is much more complicated. We discuss this in the next section. 



B. Integral Equation for the 3-point Vertex 

1. eom for U for 3-Loop 3PI 

We start with the 3-Loop 3PI effective action. We have min[i + 2,n] = min[3+2,3]=3 and 
C[n, i] = £[3,3] = 1. Equation (I4.12p becomes 

3-Loop 3PI: U = U° + ft d \D,U]\ r< , + v extra , . (5.14) 

L P t>2 

This equation says that the variational eom for the 3-point function has the same form as the 1-loop 
terms in the sd equation for the 3-point function with V = V°, plus some terms that are 2-loop or 
higher in the perturbative expansion. 

This result is easy to see directly for the simple example we are discussing in this subsection. We 
start by extracting the eom for the 3-point function for 3-Loop 3PI from Fig. [7J by including the 
contributions from the EGG , EGG, EIGHT, BBALL , BBALL, HAIR, and MERCEDES diagrams, 
and setting V = V°. The first three diagrams on the rhs of Fig. [TJgive the lhs of Eq. (I5.14p . Note 
that these diagrams are all L < 1 loop. 

Now we look at the rhs of Eq. (l5.14j) . The subscript L < 1 indicates that we can ignore all 2-loop 
diagrams in the sd equation. In addition, we can freely interchange bare and variational proper 
vertices in 1-loop diagrams of the sd equation (since the difference is always 2-loop or higher in the 
perturbative expansion). In order to show that the "extra" term is 2-loop or higher, we only have to 
observe that the symmetry factors for the 1-loop diagrams in Figs. [7J and [31] are the same. 
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2. eom for U for 4-Loop 4PI 



Now we consider the 4-Loop 4PI effective theory. We have min[i + 2,n]=min[3+2,4]=4 and 
C[m, i] = £[4,3] = 2. Equation ( 14. 12ft becomes 



U = U» + f§ d [D,U,V] 



extra 



(5.15) 



We drop the subscript L < 2 on the second term on the rhs, since all terms in the sd equation have 
two or fewer loops. 

The eom for the 4-Loop 4PI 3-point function is given in Fig. [7J In order to prove Eq. (|5.15|) . we 
need to rearrange the eom for the 3-point function as follows: 

1) The diagram marked ^mercedes m Fig. [7] is rearranged by replacing the 3-vertex on the lhs 
using Eq. (15. lap . We represent this rearrangement in equation form as 



n-2 



MERCEDES 



MERCEDES [%GG 



+5> 



MERCEDES 



[fen, 



(k— loop)n 
3 J 



(5.16) 



k=l 



In this subsection we are only interested in contributions with L < 2 (all terms with L > 3 loops 
can be lumped into the extra term). Since the ?7mercedes diagram is itself 1-loop, we only need to 
consider 1-loop terms in fcn 3 , which means we can take k = 1 in Eq. (I5.16p . The result is shown in 
Fig. Ef 




u. 



MERCEDES 




U MERCEDES \U EGG11 




[U MERCEDES [U~H ATr] ] 2 U MERCEDES [U MERCEDEs] 



FIG. 38. Rearrangement of the diagram labeled £/mercedes in the eom for 3-vertex. 



2) There are 3 permutations of the diagram marked ?7hair i n Fig. [7J We separate them by writing: 

f^HAIR = ^"hAIR + ^HAIR • ( 5 - 17 ) 

The two permutations a bare vertex on the lhs are written U^ AlR , and correspond to the diagrams 
labeled (4,5) in the sd equation in Fig. [311 The third permutation is shown on the lhs of Fig. 1391 and 
labeled U^ Am . This graph has the same form as diagram (3) in the sd equation, but with corrected 
and bare vertices in the wrong places. We rearrange the ^hair diagram as follows. The first step is 
to remove the bare 4- vertex using Eq. (15.1dl) . This substitution is written as an equation: 

n—3 

<ir = CM - £ ^Wfcn? - loop) ] . (5.18) 

k=l 

As argued above, we can take k=l since we are working to 2-loop level, which gives the diagrams 
shown in Fig. 1391 



In Figs. 1381 1391421 and l43l the bracketed numerical factors indicate permutations of the external legs on the rhs of the graph only. 
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FIG. 39. Rearrangement of the U^ Am diagram in the eom for the 3-vertex. 

The second step is to extract the graph in Fig. [39] labeled £^hair[^bball] an d use Eq. ( 15. lap to 
obtain the bare 3-vertex that we need to reproduce the graph in the sd equation that is labeled (3) 
in Fig. EU This substitution is represented in the equation 

n-2 

^hW^BBALl] = ^hW^BBALl[%GGo]] + £ ^ P AIR [^BBALL[fc4 fc - l0 ° P) ]] . (5.19) 

fc=l 

To 2-loop level, we only need the k = 1 term in Eq. ( 15. 19ft . The result is shown diagrammatically 
in Fig. \M 



^/lAIHl^BDALL] ^HATr[^BBALl[%GG ]] [^HAXr[^BBALl[%AIr]]1i [^HAIR [VgbALl[^HAIr]]]2 U hatr t^BBALL [f^MERCE.] 



FIG. 40. Rearrangement of the diagram labeled C/XjJVWll] in Fig. [39] 



Now we discuss how to combine all of these terms. The graphs that have to be added together 
are as follows. From the original eom (Fig. [7]), we need the graphs that have not been involved 
in the rearrangements above: the £/ EGGo , U^air, ^eyeball, ^target, and ^twisted graphs. The 
U mercedes graph is replaced by the set of graphs shown in Fig. [38] The C^hair graph is replaced by 
the set of graphs shown in Fig. [391 with the first graph in this figure replaced in turn by the graphs 
in Fig. SOI 

First we extract from this set of graphs the diagrams that correspond to the sd equation. 

• In Fig. [7] the C/egg an d ^hair graphs correspond, respectively, to the diagrams labeled (1), 
(4,5) in the sd equation (Fig. l3Tj) . 

• From Fig. [7J we take the permutations of the ^/target and ^eyeball graphs which have the 
same structure as (8) and (9,10) in the sd equation (Fig. l3Tj) . We label these pieces ^target 
and U eyeball (^ ne permutations that have not been accounted for are labeled ^target an( ^ 
^eyeball' an< ^ w * n be considered later). Since the vertex on the lhs of the ^target anc ^ 
^eyeball diagrams can be replaced with bare vertices (because the difference is 3-loop in the 
perturbative expansion), these graphs correspond to the terms labeled (8) and (9,10) in the sd 
equation. 



The first and third graphs on the rhs of Fig. [38] correspond, respectively, to the graphs labeled 
(2) and (6,7) in the sd equation. 
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• The first and third graphs on the rhs of Fig. HO] correspond, respectively, to the graphs labeled 
(3) and (11) in the sd equation. 

• The graph labeled (12) in the sd equation is identically zero at the level of the 4PI effective 
theory, because the 5-point vertex on the rhs reduces to W = W° = 0. 

We have produced all of the terms in the sd equation, and thus verified the first two terms on the 
rhs in Eq. ( 15.151) . 

It is straightforward to see that the remaining 2-loop diagrams cancel, which verifies that the extra 
term in Eq. (15.151) contains only terms of L pt > 3 loops. We list the contributions that cancel. 
First, we give the sets of diagrams that cancel identically: 

^MERCEDES [^MERCEDEs] + [^haIr[^TARGEt]]i = 0, (5.20) 
^TWISTED + [t^HAIR [^TARGET]] 2 = , 

^HAIR [^BB ALL [^MERCEDES ]] + [^HAm[^EYEBALL]]2 = 0, 
^EYEBALL + [^HAPR^LOOPy]^ = , 
^TARGET + [^HAIR [^EYEBALL]] 3 = . 

In addition, there are two pairs of diagrams which have the same form, except that one contains 
a bare vertex V° and the partner diagram contains a variational vertex V. If we use Eq. (j5. ld|) 
to remove the bare vertex, the surviving terms in each pair are at least 3-loop in the perturbative 
expansion. Therefore, at the 2-Loop level we have the additional cancellations: 

[^MERCEDES [^HAIR]]l + [^hAIr[^EYEBALl]]i = , (5-21) 
[^ P AIR[^BBALL[£W]]]l + [^[VLoOFy]]i =0. 



3. eom for U for 5-Loop 5PI 

Now we consider the 5-Loop 5PI effective theory. We have mm[i + 2,n]=min[3+2,5]=5 and 
C[m, i] = £[5,3] = 3. Equation (I4.12p becomes 



U = U° + ff[D,U,V,W] + extra , (5.22) 




and we drop the subscript L < 2 on the second term on the rhs, since all terms in the sd equation 
have two or fewer loops. 

In order to prove Eq. (I5.22p . we must show that the diagrams in the extra term cancel to L pt = 3 
loop order. We start by listing the 3-loop diagrams that were dropped in the discussion in the 
previous subsection. 

1 . In the second item of the list under Fig. HOI we said that the ^eyeball graphs and the ^target 
graph in the eom produce the diagrams marked (9,10) in the sd equation, if we use Eq. (15. left 
to replace the variational vertices on the lhs by bare vertices, and drop 3-loop terms. Now we 
need to keep these 3-loop terms, which we will write 

•^EYEBALL [ iLn 4 J 
TARGET [ iLli 4 J 

2. There are 3-loop contributions that we dropped in Fig. [38] which we write 

^MERCEDES [fcn^ 2 ' ° P '] 
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3. There are 3-loop contributions that we dropped in Fig. HO] which we write 
< ir [^bballM 2 - 1oop) ]] 

4. In Eq. (I5.2ip . we had cancellation at the 2-Loop level when we used Eq. (15. ld|) to replace the 
V° vertex. The 3-loop terms have the form 

U MERCEDES [U HAIRi [f cn 4 ? } ] 

!p r\/_ \tt. r^v 1 ( 1 - lo °p)iii 



U HAIR [^BB ALL [U HAIRi [fcll 



1 



We must show that these diagrams cancel with the new 3-loop diagrams that are introduced at the 
level of 5-Loop 5PI. Using Eq. (14. 6 h we can see where these diagrams will appear: 

5. Since £[5,3] = 3, there will be new 3-loop contributions to the eom for U (Fig. [45]) from the 
5-loop diagrams in the effective actional. 

6. Since £[5,4] = 2 there will be 2-loop contributions to the eom for V, which will contribute at 
the 3-loop level when Eq. (I5.1cp is used to rearrange the {/hair diagram (see Fig. I3"9|) . We 
write these terms: 

<irM 2 - 1o ° p) ] 

7. There is no graph in the original (unrearranged) eom for the 3-point function with the same 
structure as the graph labeled (12) in the sd equation (Fig. I3TT) . and it cannot be produced by 
performing substitutions on lower loop graphs. We insert this graph into the eom by hand and 
group it with the other terms that make up the sd equation. We then subtract the same graph 
from the extra terms. Since the graph contains a 5-point vertex, and since the bare 5-vertex is 
identically zero, this subtracted counterterm contributes to the list of extra terms at L pt = 3 
loop order. In addition, we can replace the bare 4-vertex with the proper variational 4-vertex, 
up to corrections at the L pt = 4 loop level that can be grouped with the extra term. We name 
the subtracted graph Usbu- The 3-loop terms that are produced by the replacements of the 
5-point vertex using Eq. (15. lei) , and the bare 4-point vertex using Eq. (15. ld|) . are written: 

U sdi2 [Vbball [fcnl; 1-1001 ^]] 



The 3-loop terms listed above are shown diagrammatically in Fig. [4TJ Expanding the vertex 
insertions produces 61 different topologies. We have verified that they all cancel. To do this 
calculation one must write explicitly all external indices to separate the contributions to each 
topology. We give several examples below. 

The PEA diagram in the effective action produces only one contribution to the U eom which is 
labeled £/pea and shown in Fig. HSJ It is canceled by ^sdi2[^ball[^eight4]]i as shown in Fig. [42J 

The diagram 3D in the effective action produces six different permutations in eom for U. They 
are labeled U^d and shown in Fig. H5j In order to see how they are canceled, we draw the six 
permutations separately in parts (a)-(f) of Fig. H3j Comparing with Fig. H21 we can see that all six 
different permutations of U^d are canceled exactly. The first two permutations are canceled by the 
graph labeled [^eyeball [^eyeball]] i, the second two are canceled by [^target [^loopy]]i, and the 
last two are canceled by [U^ Am [T4a] 2] 1 . 



There is one diagram that is 4- loop 5PI which we call BBALL2 (see Fig. 1251 . but this diagram does not contribute to the U eom because 
it does not depend on U and thus goes to zero when the functional derivative acts on it. 
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(4) 



+ U T 



(5) 




X) 



(6) 




(7) 



FIG. 41. The 3-loop terms in the U eom for 5-Loop 5PI. The circles represent 2-loop insertions and the squares are 1-loop 
insertions. The symbol Ux means contributions to the U eom from differentiating the 5-loop diagrams in the 5PI effective 
action. The numbers under the diagrams correspond to the numbers in the list under Eq. (|5.22[) . 
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V'LUOI'Y 



77 lp [ff.n( 2_loop 'l 
^HAIR F 11 ! J 

[%]2 



[^tabgetI^loopyIIi [^target[%oopy]]2 

(2)J 



FIG. 42. Some examples of 3-loop diagrams in the eom of U that cancel. 







FIG. 43. The contributions to the U eom from the diagram 3D in the effective action. 

Note that some of the topologies that are produced by the substitutions in Fig. H2]do not have the 
same form as any of the graphs in Fig. H5j For example, the diagrams labeled by [^hair[[^4a]2]]2 
and [^hair[[^4a]2]]3 in Fig. H2]are canceled by contributions obtained from [U^ A1R [Vrball [^hair 



and [?7mercedes[^hair]]i by removing the bare 4- vertex using Eq. (]5.1d|) . and taking the pieces that 
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correspond to Veyeball and Vloopy, respectively. 

C. Comparison of the structure of the II and U eom's 

There are three special features of the cancellations for the 2-point function (see Sec. IV A 5p that do 
not apply to the cancellations for the 3-point function: 

1. For the 2-point function, all of the graphs in the sd equation appear in the eom at the level of 
4-Loop 4PI. For the 3-point function this is not true: there is no term in the eom for U with 
the form of the last term in Fig. [311 for any nPI effective theory, and it cannot be produced by 
rearranging a lower loop graph. 

2. The 3-point function cancellations depend on a complicated level of cooperation between 
contributions from different diagrams (see Figs. [42] and [43]) : unlike the case of the 2-point 
function, it is not true that we can add diagrams one at a time to the effective action and find 
that Eq. (I4.12p is satisfied diagram by diagram (see Fig. I3T|) . 

3. For the 2-point function, every topology that is canceled gets a contribution from the term 
labeled Ux in Fig. [371 while it is not true that all canceled 3-point topologies have a contribution 
of the form Ux- 

VI. CONCLUSIONS 

In this paper we have calculated the 5-Loop 5PI effective action for a scalar theory with cubic and 
quartic interactions. The result has some surprising features. 

The effective action does not contain only 5-particle irreducible diagrams, even when a 5PR 
diagram is defined in the strictest possible sense, as a diagram that cannot be divided into two 
pieces by cutting five or fewer lines such that each piece contains at least one closed loop. 

It is not true that all diagrams (except the super-BBALL and super-BBALL diagrams) carry 
symmetry factors that are produced by the usual combinatoric rules. 

Neither of these features has been seen previously, since they do not appear at the level of the 4- 
Loop 4PI effective action, which is the highest Legendre transform that has appeared in the literature 
to date. 

We have shown that the skeleton diagrams in the m-Loop nPI effective action correspond to an 
infinite resummation of perturbative diagrams that is void of double counting at the m-Loop level. 

From our calculation of the 5-Loop 5PI effective action we are able to obtain results for the 3PI 
and 4PI effective action up to 5 loops. The result is that the 3PI effective action contains only 
3-particle irreducible diagrams up to 5 loops. However, although the 4PI effective action contains 
only 4-particle irreducible diagrams up to 4 loops, there are 4-particle reducible diagrams at the 
5-loop level. The conclusion is that the standard idea that the nPI effective action contains only 
n-particle irreducible diagrams is not applicable at arbitrary loop order. 

We stress that the absence of double counting is a property of the Legendre transforms, and the 
cancellation of nPR, diagrams is not. At lower levels in the loop expansion, the effective action 
contains only n-particle irreducible graphs in the skeleton loop expansion, but at higher orders, 
the counting becomes more complicated and a combination of irreducible and irreducible graphs is 
needed. 

We have worked with a toy model which has the same basic diagrammatic structure as QED or 
QCD. We expect that it would be straightforward to use the same method to show that the m-Loop 
nPI effective action for these gauge theories matches the corresponding perturbative expansion to m 
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loops. This would prove that the m-Loop effective action respects gauge invariance to order ~ g 



2m-2 



This result has been obtained previously in Refs. |16l . Il7| using a completely different method 



We have also shown that the variational equations of motion produced by the n-Loop nPl effective 
theory are equivalent to the Schwinger-Dyson equations, up to the truncation order. The equation 
of motion for the 2-point function has exactly the same structure as the corresponding Schwinger- 
Dyson equation. An equivalent statement is that if we did a calculation using an n-Loop nPl 
effective theory, and replaced the equations of motion for the variational propagators and vertices 
by the Schwinger-Dyson equations truncated by setting the (n+ l)-vertex to the bare one, the error 
we would make is of the same order as terms that would come from contributions to the effective 
action that are beyond the truncation order. 



Appendix A. EOM'S FROM THE 5-LOOP 5PI EFFECTIVE ACTION 



In this appendix we give the eom's for the 5-Loop 5PI effective action in diagrammatic form. 
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FIG. 44. Contributions to the IT-integral equation from the 5-loop 5PI effective action, and the BBALL2 diagram from Fig. 
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[f4lERCEDES'2]l [CMERCEDE&k UeIGHTI UlA U'lA 



FIG. 45. 3-loop contributions to the [/-integral equation from the 5-loop 5PI effective action. 
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FIG. 46. 2-loop contributions to the ^-integral equation from the 5-loop 5PI effective action. 




Wtarget2 Wmercedes2 Wbgg2 Weight4 Weights 



FIG. 47. 1-loop contributions to the W-integral equation from the 5-loop 5PI effective action. 

Appendix B. EQUIVALENCE HIERARCHY 

In Ref. [l3| it is argued that at m-Loop order, the nPl effective action for n > m depends only on 
Vi, i < m. An equivalent statement is that the n-Loop nPI effective action provides a complete 
self-consistent description. We show below that the arguments we have used in Sec. IIV Al about 
the structure of the diagrams in the effective action are consistent with the equivalence hierarchy 
proposed in jl3|. 

Consider the m-Loop effective action. We have argued that vertices Vi for i > m + 2 do not appear 
in the m-Loop effective action, since these vertices would appear in graphs that would produce 
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disconnected contributions to the eom's. It is straightforward to calculate the eom for the vertex 
V m +i. From Sec. IIV A\ the only terms in the effective action that contain this vertex are the m-loop 
super-BBALL and super-BBALL diagrams. The eom produced by these diagrams is 



Vm+i = V„ +1 for m < 3 , 
V m+ i = for m > 4 . 

The conclusion is that the m-Loop effective action depends on the vertices Vj, i < m: 



i( m ) 

n>m 



(B.l) 



(B.2) 



Our result for the 5-Loop 5PI effective action verifies Eq. ( IB. 21) for m = 4. 



Appendix C. THE SD EQUATION FOR THE 4-POINT VERTEX 

In Fig. HH]we give the sd equation for the 4-point vertex in diagrammatic form. 





FIG. 48. Schwinger-Dyson equation for the 4-point vertex. 
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